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The variational Bayesian (VB) learning is known to be a promising approximation
method to Bayesian learning for many practical models, such as matrix factoriza-
tion models, mixture models, and hidden Markov models, where Bayesian learning
is computationally hard. The VB learning has been empirically demonstrated to
perform excellently in many applications, which stimulated theoretical analysis. In-
teresting properties, including phase transition phenomena that induce sparsity,
have been revealed. In this paper, we review recent advances in VB learning theory.
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O 1: Bayes posteriors (top row) and the VB posteriors (bottom row) of a scalar factor-
ization model (i.e., a MF model for L = M = H = 1) with 02 = 1 and ¢, = ¢, = 100
(almost flat priors), when the observed values are V' = 0 (left), V = 1 (middle), and
V' = 2 (right), respectively. In the top row, the asterisks indicate the MAP estimators,
and the dashed lines the ML estimators (the modes of the contour). In the bottom row,
the asterisks indicate the VB estimators.
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0000pw|6*) =¢v)0000 6 00000000000000000000n — oo
0000000000000000000000000000 60000000000
00000000000

000000000000000 3700 (38)00000000000000000
0000000000000000000000000000 [61,6000000000
00000 MO0 O000000000000000000000000000000
00000000000000000000000 AB»s0000000000000
0 [59, 62, 64, 63, 44, 2]0

000000000000000000000000000000000000000
0000000000000000 [31)0

G(n) =F(n+1)— F(n)
gugdodoooooobobbbbbuoboooooouoboboooboon
)\Bayes — )\/Bayes (39)

gbbogoobobuoobboboobbuoobbuoobbogbooobooobooon
goboboooobbboooobbooo
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P

Y <

<O -
B AT +

O 2: Linear neural network.

4.2 0O00O0O0O0OOOO0OOOO

gooobbbobbobbbbobbbbbbobooobobououououuououoaoao
gbobogooobuogbbubodgbbogboooboobobuogobbooboobn
(39)00000000000000000000D0D0D0D0D0D0DD0D0D0D0D0DDonooo
0000000000000 0000000oooooooD 39)ooooooooooo
goobobbbbbbbbbbbbbobtououdouoooooooooooobon
gboobdbogoboooboobbuoobbuodbbodgbobooboboooon
gbodgbboobodboobbooboobboobooboobboobooon
gboboboooobbboooboboboooon

4.2.1 0O0O0O0O0OO0OOOO

0000000000 5,42)00000000000 eRMY 0000000000
yeREODODODODOODODODODOOOOOODOOOO

y=DBA'x +¢e (40)

D0D0D0DD0D000AcRMA OO0 BeRMOOO0D0DO0D0DO0DO0O0OOOOOOOO
ooooooo
e ~ NL(0,071I})

0000,0d000000000000000000000O00O00ODO0O0O0O0 (L+
MEOOODODOOO (7)OOOOO0O000ooooooooooo

K= (M+ L)H — H? (41)

oboboobboooobbO00dre. 2000000000000 0O0O0O0O0ODOO
goo
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O000-,0000000 V= {(z®,yO),... (z™,y™)} 00000000000
00000000000000000000000000

1 < . 4
pOmVLB)&emj<_zyz§:ﬂym-—BAwaW) (42)
=1

00000 y'0000000000o0000000o0o0oo0ooooooooooo 21p

BN i RS Q) _ RS 0) (07T _
;;“’():0 E;y()_o ﬁ;w()w() =TIy

gbbboogobbodoad

1
V== (@) (DT 43
nZ?/w (43)
00000000000 (42) 000000 A, BOODOOOO
n n
p(V"14, B) o exp (5o IV = BAT|1%,) (44)

O000000000000000 44)003100000000000O000O00ODODOO
gooo

o? =0"%/n (45)

O00000000000000000000000000000000 (Ca,Ce)000
gbobobodo

p(A) o exp (—%tr (A(JAIAT))
ng)mema(—%u(Bchfj)
0000000000 A, BOODOOOOO
7(A, B) = ra(A)re(B)

O00000000000000000000 (12)«(15)0000000gogg (200000
000000000000 (45) 0000000000000 000OODOOODOODOO
obooboobodb LL<moobooooL>MMoonboo3boooooouoooonog
ooL< MOoooboooooooooooooooooo

000000000 (Cy,Cp) 00000000 A20000000000000000
gooo
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00 4 (Nakajima and Watanabe (2007) [41]). 0000000 n - co00000000
goodooooooobobobon
H
UVB:BA\T:Z%YBwbhw;—i-Op(n’l)
h=1

gobobooogooboobod

Mo
~SVB _ oPIS
Yn o =70 = max 0,(1— )%}
" " { n;

¢

gbouodgboboobuodgboobboobuoobboobuoobboobuoooboo
gobogobuodgbbooobobodboboooboobbooss3gbonoingbooon
gobobodo

gboboboooooboooobboooon

00 3 (Nakajima and Watanabe (2007) [41]). 00 0000000000000000
0000000000000000000000

p(ylx, V") = N (y; SUVPx, £) + 0, (n~%/?)
000000o0oooo X~o
=1+ 0,(n™)
0oooooo &

gbooobobdoboboboboooobobooboboboboooobooobob
(A, B)00000000000000000B*A*' 00000 F*O000000000
<o 0ogbooooboooboobooboobobobooooobboobobboboo
oboobooobooobo F>AF00bgbboobooboooog

33.10b0b000bgoboobooboobbooboobooboobboobo
0000 39000000 (0000000000000 000000ODO0OOO

00 5 (Nakajima and Watanabe (2007) [41]). 0000000000000 O0O0OOOO
000 36) 0000000000000 00000O0OOOOOOOOOO

F=Xlogn+ O(1)
gogd

2N = H*(L + M) + (H — H*)L
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0000000000000 B*A*0000000000000 {(an,by);h =
1,...,H}000000000000 {(a,by);h = H*+1,...,H} 00000000
0000000000000000000000000000000000000000
0000000000000000 4)00000000000000000 Wishart
0000000000000000000000000000000 (L,M)00000
0000000000 Wishart 0000000000000 Marcenko-Pastur O [34, 55]
00000000000000000000000000

00 6 (Nakajima and Watanabe (2007) [41)). (L,M,H, H*) 000000000000
gbogbboobuodgboobbbuooboobbogboobboobuooboon
gooobod

(M — H*)(L — H*

2mo

ON= (H*(M+L)— H?)+ ){ﬂ&ﬂ)—%d@5®+m%@5—n}

ggd
a=(L—-H")/(M— H")
f=(H—-H")/(L—-H)
k=M/(M— H")
J(s;1) = 2a(—sV1 — s+ cos ' 5)

J(s;0) = —2v/aV1 — 2+ (1+ a)cos 's — (1 —a)cos™ va(l+a)s + 2

208 + a(l + a)

Vi—s2 -1 14+a —1+va(l4+a)s+2a
J(si 1) = 2\/5—2\/as+1+a — cos's+172 cos YosTVallra) 0<a<l)

2,/ =2 —cos s (a=1)

1+s

0000s0 J(s;0)0000 J-4(;0)0000

se =max ((k — (1 + a))/2Va, J7' (2maB;0))
goooood &

gogsb0oooooobboooooooboooooooooouogoooooogo
O00000000000000000000 [2]0000 Fig. 300000000000
gboogbboobuodgboobobuooboobbogboobboobuooboon
0000000060000 000ODO0ODOO0DODODOOOODOOOOODODOOO 14]00
0000000000 00000 Fig. 40000000000 (39) 000000000
0000 Fig. 30O0O0oooooooooboobobobobobobuoobobooo
ooooboobooboboobooobooboAFObOO0ObLOOO0DbOOoDbOoODbDDbO
OOooboooboboobobooobuoobobouoobrg 3b0b00o0obUobDOoOoDO
O00Fig 4000000000000C0CCO0O0O0O0O0O000 39)Dooooooooo
gboboboooobbbooobobboooon
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V- —
Bayes
Regular -~~~
15
X
=
B8 1
£
©
N =
0.5 //"’“
0

O 3: The variational Bayes (VB) and the Bayes free energy coefficients in the reduced
rank regression model with L =30, M =50, H =1,...,30, and H* = 0. The VB and the
Bayes free energies almost coincide with each other. ‘Regular’ indicates the free energy
coefficient in a regular statistical model with the same degrees of freedom K, which is
given by Eq.(41).

Bayes

2Jambda /K

o (&)}
T
.o ’
A a
/ : s
/! i i
/ : /
i : /
/ : i
/ : ki
: i
; i
| i
' i
: i
: i
Lo
Lo
[
Vi
i
i

0 5 10 15 20,25 30 35 40

O 4: The variational Bayes (VB), the maximum likelihood (ML), and the Bayes gener-
alization coefficients when L =30, M =50, H =1,...,30, and H* = 0.
4.2.2 0000000
O00zeRMOOODOO HOOOOOOODO
H
p(@|0) = anNu(@; pn, L) (46)
h=1

obooboobogboobooboobobbobooboobon Ay,=1y0bogonbg
gboboboooobobooan

H
0 = {(ahay’h);aheR7u‘hERMvh:L"'>HaahZoyzahzl}

h=1
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D000000r00000000 &= (2W,...,2™)00000000

p(X"[0) = H (Z anNy (z ,,uh,[M)) (47)

=1

00000000 0000000000000 0 O(HMoooooooooooo
0000000000000 00000000000000 90 00000000
gbobobbooggbobooooobboooooobobooooobooboboooog
O0000{G,h;1<i<n1<h<H}O00000000OOO0OO0OOOOOOOOOOOO

(48)

» [1 i0000D0000ADDOOOO0OODOO00O0
"o 0000

nd0000000000000 Y =(yW,...,y™O0000000000000000
000000000000000000000000

n <z‘)

p(X",V"0) = HH (anNu(z 7/1'h>IM)) (49)

0000000000 (,y) 000000000000 (49)000000000000
0000000000000000Y"0000000000000000000000
000000000000000000000000 (47)0000 2, 002,00
000000000000000000000000000 (490000000000
0000000000000000000000000000000000000000
000000000 EMO0O0O0000000000000000000000 [12]0
000000000000000000000000000000 (49)00 {u,} 00
000 {e}00000000000000000

p({an}) = D({an}; {a, ..., a0}) (50)
00{e}00000 {u,}00000000000000000
p(pn) = N (s Bo, ) (51)
000000000000000000 3]0
r(Y",0) =r(V")r(0)

gooo

D({an}; {on}) = Mﬂa?‘l
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0 Dirichlet 000000 N()0000000000{a,}0 {w} 0000000000
000000 49-(51)00000000000000000000000000000
0oo

0000000000000

. r(y", 0
F(r) :;/TO} ,9)log1Wd0

Ofddoooooooooooooooooooooo oo oo o gg
n H
o™ ) = (Hr<y<w>) (mamw)
=1 h=1

goo

r({an}) = D{an}; {an})
r(pn) = Nag(pn; ﬁh,ai)
r(y") o exp (Z e {Lﬁ(@h) - (Z ah’) - % (i = fnl* + Ma3) })

gbbogbbbuoobobbbooodgbbbuoooobbban

an = Nj, + ag (52)
pn =5 (Npy@), + Boc?) (53)
1
2 (54)
Ny, + c?
No=>_5 )
i—1
1 — D) (i
Ty = — @;L)az(z) (56)
Np i=1
(i i O 1 L o
yé) — r(y,g) =1) o exp <@(Oéh) 3 ([l — pen]l* + MU%)) (57)
oggo
dlog I'(x)
U(z) = —o
(x) O

0000000000000 (52)-(57) 0000000000000000000000
00000000000 [3)0
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gbbbuoodgbobbbuooobboboooobbbuooobbodao
H*

p(x|07) = Z apNas (5 (i, Inr)

h=1
gboboboooobbbuooobobobboooobbobuoooobbboooaoboo

00 7 (Watanabe and Watanabe (2006) [57)). 00 0000000000000000
0000000000000000000

M MH*+ H" —1 M+1
(H—lmm+§—§X§(H—Eme+ 2 for ag < ; (58)
MH+H -1 M+1
N = MH+H—1 for ag > i (59)
2 2
&

00 70000000 {e} 000000 (50)000000000000 a0000
000000000000000000000000000a<(M+1)/20000
MH"+H' —1 _MH+H-1

2 = 2
00000000000000q < (M+1)/20000000000000 (58)00
ay>(M+1)/20000000000000 (9000000000000

00 (83)000000000000q<(M+1)/2000000000000000
000000 00000000000000000@&,=0forh=H*+1,...,HO[57]0
O00a>(M+1)/200000000000000000000000000000
000000000 & 00000000000 H*0000000000000000
0000000000000000000000000000000000000000
000000000000000000000000000000 ao<(M+1)/200
00000000000000000000000

(H — H*>Oéo +

423 0O0OO0OO0OO0OOOO

ooobobobooobobobooobobboo voboboobobooooboon
OO0 [RR0000000000 (18000000000 0oooO ejoooooooO
gooobobobobbbbobobobbboboboboooootouoououooooooooon
OO00oO0o0ooooobooboobooboboboboboOnDd DirichleteDODOODOODO
gboboboooobbooogbbobooooboo

goboboooobbboooobbboodebboooobbbouo20bbbod
gbogbboobuodgbbboobuooboobbooboobboobuooboon
googbobogoboobboobbooobuoobboobboobboooboon
gooobbobbbbobbobbbobobouotddddoooooooooooooooon
goo
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