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Abstract

Multi-label classification allows a sample to belong to multiple classes simultane-
ously, which is often the case in real-world applications such as text categorization
and image annotation. In multi-label scenarios, taking into account correlations
among multiple labels can boost the classification accuracy. However, this makes
classifier training more challenging because handling multiple labels induces a high-
dimensional optimization problem. In this paper, we propose a scalable multi-label
method based on the least-squares probabilistic classifier. Through experiments, we
show the usefulness of our proposed method.
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1 Introduction

In some recent applications of pattern recognition, a sample can belong to more than one
category at the same time. For example, in text mining, a news article about Trans-
former can be categorized into the “car”, “robot”, and “movie” categories. The classifi-
cation problem where a single sample can belong to multiple classes is called multi-label
classification, and it has attracted a great deal of attention recently [5].

However, multi-label classification is computationally expensive, and overcoming the
computational bottleneck is a common challenge. In this paper, we thus propose a novel
multi-label method. Our approach is to extend the computationally efficient multi-task
method [3] based on the least-squares probabilistic classifier (LSPC) [4, 6] to multi-label
scenarios, and to achieve a method to compute its solution efficiently.
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2 Probabilistic Classification by LSPC

In this section, we review the least-squares probabilistic classifier (LSPC) for single-label
classification [4, 6].
Suppose that we are given a set of training samples

{(@n, yn)}fzvzl

drawn independently from a joint probability distribution with density p(x,y), where
x, € RP is a feature vector, D is the dimensionality of feature vector x, y, € {1,...,Y}
is a class label, and Y is the number of classes. The objective of probabilistic classification
is to learn the class-posterior probability p(y|x) from the training samples. Based on the
class-posterior probability, classification of a new sample & can be carried out by

y := argmax p(y|x),
yed{l,...,Y'}

with confidence p(y = y|x).
For each y € {1,...,Y}, we model p(y|w) by

y\w 9 Zeyb¢b ¢( )

where B denotes the number of parameters,
Hy = (9%17 e 709,B)T e RB
is the parameter vector, and

d(x) = (¢1(x), ..., op(x)) € RP

is the basis function vector. In practice, we may use a kernel model, i.e., we set B = N
and ¢p(x) = K(x, x;), where K(x, ') is a kernel function.

We fit the above model to the true class-posterior probability p(y|x) under the follow-
ing squared loss:

Jy(8y) = %/(q(ylrv;%) —p(yl®))’ p(z)de
— 5 [ atvle: 6, o)z~ [ alules,(ely)ptn)de + C.

where p(x) denotes the marginal density of feature vector & and C'is a constant indepen-
dent of 8,,. Approximating the expectations over & by sample averages and the class-prior
probability p(y) by sample ratios, ignoring constant C' and factor 1/N, and including an
ly-regularizer, we have the following training criterion:

N
~ 1 P
Jy(8y) = 5 Z q(ylzn; 8,)* — Z q(ylza; 0y) + 5“011”2
n=1

nYyn=y

1
50,270, 0] m, + gueyH?,
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where p > 0 is the regularization parameter,

® = (p(x1),...,p(xy)) € RV*P

is the design matrix, and 7, is the N-dimensional class-indicator vector, i.e., m,, = 1 if
Yn =y and 7, ,, = 0 otherwise:

We can obtain the minimizer /H\y of :]; analytically as
0,= (" ®+plz) ®'m,

where I denotes the B-dimensional identity matrix. R

As the number of training samples, N, increases, the solution ¢(y|x;8,) was shown
to converge to the true class-posterior probability p(y|a) with the optimal convergence
rate [4]. For a finite sample size, we obtain the final solution by rounding up a negative
output to zero and normalization as follows [6]:

~ max O,qyw;a
Plyfe) = o aly[2:0)
> =1 max(0, q(y'[x; 0,))

3 Multi-Task LSPC

When multiple related learning tasks exist, solving them simultaneously by sharing some
common information behind the tasks is expected to be more promising than solving
them separately. This is the idea of multi-task learning. A computationally efficient
multi-task learning method can be developed by combining multiple LSPCs. Here, we
review multi-task LSPC (MT-LSPC) [3] in a slightly generalized way.

Suppose that we are given a set of training samples

{(®n, Yn, tn>}r]yzla

where ¢, € {1,..., T} denotes the task index. We assume that {(x,,y,)}_, are drawn
independently from a joint probability distribution with density p;, (2, y). The objective
of multi-task probabilistic classification is to learn the class-posterior probabilities p;(y|x)
fort e {1,...,T}.

Let us model p,(y|z) for each t € {1,..., T} and y € {1,...,Y} as

y|w Oyt = Zey,bt¢b Hltd)(m)?

where

d(x) = (¢1(2), ..., ¢p(x))" € R”



Computationally Efficient Multi-label Classification 4

and
0y7t = (9y717t, e ,9y7B7t)T € RB.

The basic idea of MT-LSPC is that solutions of all tasks are imposed to be close to each
other in terms of the f,-norm. More specifically, let us decompose 8,,; as

eyvt = IBy,O + /By,ta

where 3, , is the common part of solutions for all tasks and 3, , is the individual part of
solutions for task ¢. Then, for

.
By = (Byo By Byr) €RITY,
the training criterion of MT-LSPC is given by

1
= Z qWl@n; Byo+ Byu)* — Y alzai Byo+ By.)
n=1

nYn=y

[\]

T
Wo 1
+ 228,00 + 5 S w8,
t=1

where wy > 0 is the regularization parameter for the task-independent part and w; > 0
(t =1,...,T) is the regularization parameter for the task-dependent parts.
For Op denoting the B-dimensional zero vector, let

&(@) = (¢(@)7.05 1), (@), 057 ,) € RETH,

E = (étl(wl) 7€tN(mN))T € RNXB(T+1)7

Q := diag (wo, w1, . . . ,wy) € RIFDXTHL,

Then the MT-LSPC training criterion can be compactly expressed as
R(B,) = SBIETER, A1 ™, + 6] Qe 1),

where ® denotes the Kronecker product. Because the above fﬁ”(ﬁy) is essentially the

same form as the original single-task LSPC training criterion, we can similarly obtain the
minimizer B, analytically as

By = ('—T'——FQ@IB) 1ET7ry.

Suppose that we use a kernel model (i.e., B = N). Then, the size of the matrix to
be inverted in the above equation is N(T'+ 1) x N(T' 4 1). Thus, the computational
complexity for naively computing the solution 3, is O(N 373), which can be expensive.

However, because the rank of ETEA is at most N, the solution can be computed more
efficiently. More specifically, ¢(y|x; 6,:) can be expressed as follows:

~ ~T ~T
q(yl; 9y,t) = 0y,t¢(w) = IBy & (x) = ﬂ-;—A_lbta
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where A is the N x N matrix and b; is the N-dimensional vector defined as

Ap = [E(Q @ Ip)E" + In]nw
(1 Ot T
= (22 ) gla) ) + G
o 1 Ot
b o= (O 0 L)) = (22 o) ol
wo Wt

Here 6, denotes the Kronecker delta. The computational complexity for computing the
solution in this way is reduced to O(N?), which is independent of T'.

4 Reformulation of MT-LSPC

In this paper, we develop a multi-label method based on MT-LSPC. However, the original
MT-LSPC imposes all solutions to be close to each other via the common part, which
is not necessarily appropriate in the multi-label scenario. Here, we derive an extention
of MT-LSPC that imposes a multi-task penalty via pairwise similarities between tasks.
This pairwise version will be used for developing a multi-label method later.

For 6, (0; 1y- - ,0; )7 € RPT et us consider the following training criterion:

N
1
=§§ qWlEn; 0,0,)" — > qlylzn; 0y4,)
n=1

niYn=y

T T
1 1
+ B E /\t||0y,t||2 + 1 E Ve 10y, — ey,t’HQa
t=1

tt'=1

where A, > 0 is the regularization parameter for task ¢ and 7,4 > 0 is the similarity
between tasks ¢ and t' (large ;4 corresponds to similar tasks). Let

() ::( B(t— 1a¢ OTT t)TeRBTa

v= (":btl(wl) "7¢tN(wN))T € RVPT,

Then j;VIT/ can be compactly expressed as

Y

, 1 1
JIT(9) = S0, YTW0, — 0¥, + 20)(C eIy,

where C' is the T x T matrix defined as

T
Ct,t' = 5t,t' (At + Z ’Yt,t”) - VYt

t=1



Computationally Efficient Multi-label Classification 6

Taking the derivative of ijT with respect to 6, and setting it to zero, we have the

minimizer Ey analytically as
0,= (VU +Coly) ¥r,

Using the same trick as MT-LSPC, ¢(y|x; éyﬁt) can be efficiently computed based on the
following expression:

00l 0,0) = 0,,9(2) =, (z) = m] A”'Y,
where A’ is the N x N matrix and b, is the N-dimensional vector defined as
A= [B(CT @ Ip) T + Iylnw
= [Cil]tn,tnlqb(mn)Tﬁb(mn’) + On,nts
B(C & Ty (@)]n = [C Yo, $(wa) $(a).

The computational complexity for computing the solution in this way is reduced to O(N3+
T3). Note that the factor 7° comes from the computation of C™'; if the task similarity
matrix I' (with I'; = ;) enjoys nice structure such as being low-rank or sparse, it may
be computed more efficiently.

I
by :

5 Multi-Label LSPC

In this section, we propose a computationally efficient multi-task classifier based on the
pairwise MT-LSPC called multi-label LSPC (ML-LSPC).
Suppose that we are given a set of training samples

{(wna yn)}fzvzla

where ¥, = (Yn1,-- - Ynr)' € {1,..., Y} is the class-label vector for the n-th sample
and T is the number of labels. Input vector x is assumed to be drawn independently
from p(zx), and the t-th element y;, of y = (y1,...,%)" is assumed to be drawn from
pi(y|xz). The objective of multi-label probabilistic classification is to learn the class-
posterior probabilities p;(y|x) for t € {1,...,T}.

Requiring that similar labels should have similar classification solutions, we can employ
a multi-task learning method to solve the multi-label learning problem. Indeed, from the
MT-LSPC training criterion, we immediately have the training criterion for ML-LSPC:

T N
1 1
‘/]}J\/IL<Hy) = Z <§ ZQ(y‘wm Hy,t)Q - Z Q(y‘wru gy,t) + 5)\tH0y,t”2>

t=1 n=1 N:Yn, t=Y

T
1
+ 1 Z Ve |0y — 0y7t’||2-

=1
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However, a notable difference between multi-task and multi-label formulations is that
the number of training samples is N in the multi-task formulation, whereas that in the
multi-label formulation is essentially N'T. Thus, if we naively apply MT-LSPC to the
multi-label problem, the computational complexity is O(N3T?) for a kernel model (i.e.,
B = N), which is prohibitively expensive. Below, we explain how to mitigate this problem.
Let
@y = (0%1, ey 0y7T) S RBXT,

and let 7, ; be the N-dimensional class-indicator vector for the ¢-th label, i.e., m, ., = 1
if y,+ =y, and 7y, = 0 otherwise:

_ 1 (yn,t = y)a
71-y,t,n -
O (yn,t 7é y)

Let
I, = (m,,...,m,71) € RV*T

Then ‘EVIL can be compactly expressed as

Y

1 1
JML(6,) = §tr(@;qﬂcp@y) —tr(©, ®'IL,) + 5tr(@y(,"@;).

Taking the derivative of the above equation with respect to ©, and setting it to zero, we
obtain

®'%0,+0,C =3I, (1)

This is called the continuous Sylvester equation with respect to ®,, which often arises in
control theory [2].

Various algorithms for solving the Sylvester equation have been developed. One of the
simplest methods is based on the eigenvalue decompositions of ®' ® and C as follows:
Let f,,...,fp be eigenvectors of ®'® associated with eigenvalues fi,..., fz, and let
g1, ---,9gr be eigenvectors of C' associated with eigenvalues ¢y, ..., gr. Then the solution
@y to Eq.(1) is given analytically as

0, = (f1a--->fB)Q(g1w--79T)T7
where @ is the B x T matrix defined as

Qv = —f;(I)THygt.
’ Jo+ g

If a kernel model is used (i.e., B = N), the computational complexity for solving Eq.(1)
in this way is O(N? + N?T + NT? + T?). Note that the terms N® and T° come from
the eigenvalue decompositions of ®' ® and C, which can be performed more efficiently if
they enjoy nice structure such as being low-rank or sparse.
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For large-scale data, Eq.(1) may be solved more efficiently by numerical optimization.
Let

y, 1>

Then Eq.(1) can be expressed as
HO,=h,,

where

H=I;%(®"®)+C®IecRIT*T
hy, =(® 7,1, ..., (@ m,r)")" € R

If a kernel model is used (i.e., B = N), naively solving H0, = h, takes O(N3T?)
time. Here, we take into account the Kronecker structure of H, and solve the equation
numerically by the conjugate gradient method. More specifically, we can compute the
matrix-vector product H8, as

T
[Hey]t == @Téey,t + Z Ct7t/0y7t/.

t'=1

Although the computational complexity for naively computing HE, is O(N? + N?T?)
including the computation of ®'®, that for computing H 0, based on the above expres-
sion is reduced to O(N?T + NT?). Note that the term N?T comes from the computation
<I>T<I'0y,t and the term N7T? comes from the computation ZtT/:1 CipOyyp. If P is ap-
proximated by a low-rank matrix and the task similarity matrix I' enjoys nice structure
such as being approximately low-rank or sparse, H@, may be approximately computed
even more efficiently.

6 Experiments

In this section, we experimentally evaluate the performance of the proposed ML-LSPC.

6.1 Toy Dataset

Let the feature dimension be D = 300, and we consider 7" binary classification tasks.
Training samples of the ¢-th task is created as follows: @, = (21,,... ,xDm)T is inde-
pendently drawn from the standard normal distribution and v, is determined by linear
decision boundary cos(27t/T )z, + sin(27t/T)xy,, (i.e., the decision boundaries are ro-
tated in the subspace spanned by the first two dimensions). We set the number of training
samples to N = 2000. The label similarity W, is set to max(0, p;y), where p;y is the
Pearson correlation coefficient between {y;,}N_; and {yy,})_,. We use the Gaussian
kernel model in LSPCs.
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Figure 1: Toy dataset.

As functions of the number of tasks, we compare the classification performance of
the plain LSPC (i.e., each task is solved separately), the proposed ML-LSPC, the k-
nearest neighbor classifier for multi-label learning (ML-kNN) [7] which treats a multi-
label problem as a set of single-label problems, and the instance differentiation method
(InsDif) [8] which utilizes a multi-instance formulation in multi-label problems.

All tuning parameters were optimized based on 5-fold cross-validation in terms of
the misclassification rate. Fig. 1(a) plots the average misclassification rate over 50 runs,
showing that ML-LSPC and InsDif perform well. Plain LSPC and ML-ENN performed
poorly because they did not explicitly take label correlations into account. Fig. 1(b) plots
the computation time of ML-LSPC with naive implementation (we used the left-division
function ‘mldivide’ in MATLAB® , the pro osed optimization method (we used the
conjugate gradient function ‘pcg’ in MATLAB ), InsDif, and ML-ANN. This shows that
the proposed optimization method is computatlonally much more efficient than the naive
implementation of ML-LSPC. InsDif is slow because it includes clustering of a bag of
samples.

6.2 Enron Email Dataset

Finally, we test the performance of the proposed method on the Enron Email Dataset,
which consists of 1702 real-world email messages [1]. Each email message is represented
as a 1001-dimensional feature vector, accompanied with 53 labels. We randomly chose
N = 1000 samples for training, and used the remaining 702 samples for performance
evaluation. Because the presence and absence of labels were highly imbalanced in this
dataset, we decided to evaluate the test performance in terms of the F-measure. The
average F-scores (and computation time) for plain LSPC, ML-LSPC, ML-£NN, and InsDif
over 150 runs were 0.556 (3.3 sec.), 0.561 (5.5), 0.372 (9.6), and 0.526 (470.7), where ML-
LSPC was significantly better than others according to the t-test at the significance level
5%.
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7 Conclusions

Multi-label classification is useful in various real-world problems such as audio tagging,
image annotation, video search, and text mining. However, because the essential number
of training samples for T-dimensional label vectors of size N is NT', naive implementation
of multi-label classification is computationally expensive when N and 7' are large. To
overcome this computational bottleneck, we developed a multi-label method based on
LSPC [4, 6]. Our key idea was to utilize the block structure of the system of linear
equations to improve the computational efficiency. Through experiments, we showed that
the proposed method, ML-LSPC, is promising.

Acknowledgments

HN was supported by the GCOE program, the Hasegawa scholarship, and JST PRESTO,
HH was supported by the FIRST program, and MS was supported by MEXT KAKENHI
23300069 and AOARD.

References

[1] The CALO Project, “Enron email dataset,” 2009. http://www.cs. cmu.edu/ enron/.

[2] V. Sima, Algorithms for Linear-Quadratic Optimization, Marcel Dekker, New York,
NY, USA, 1996.

[3] J. Simm, M. Sugiyama, and T. Kato, “Computationally efficient multi-task learning
with least-squares probabilistic classifiers,” IPSJ Transactions on Computer Vision
and Applications, vol.3, pp.1-8, 2011.

[4] M. Sugiyama, “Superfast-trainable multi-class probabilistic classifier by least-squares
posterior fitting,” IEICE Transactions on Information and Systems, vol.E93-D, no.10,
pp-2690-2701, 2010.

[5] G. Tsoumakas and I. Katakis, “Multi-label classification: An overview,” International
Journal of Data Warehousing and Mining, vol.3, no.3, pp.1-13, 2007.

[6] M. Yamada, M. Sugiyama, G. Wichern, and J. Simm, “Improving the accuracy of
least-squares probabilistic classifiers,” IEICE Transactions on Information and Sys-
tems, vol.E94-D, no.6, pp.1337-1340, 2011.

[7] M.L. Zhang and Z.H. Zhou, “ML-KNN: A lazy learning approach to multi-label learn-
ing,” Pattern Recognition, vol.40, no.7, pp.2038-2048, 2007.

[8] M.L. Zhang and Z.H. Zhou, “Multi-label learning by instance differentiation,” Pro-
ceedings of the AAAI Conference on Artificial Intelligence, pp.669-674, 2007.



