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Abstract

This paper reviews a new framework for statistical machine learning that we in-
troduced recently. A distinctive feature of this framework is that various machine
learning problems are formulated as a problem of estimating the ratio of probabil-
ity densities in a unified way. Then the density ratio is estimated without going
through the hard task of density estimation, which results in accurate estimation.
This density ratio framework includes various machine learning tasks such as non-
stationarity adaptation, outlier detection, dimensionality reduction, independent
component analysis, and conditional density estimation. Thus, density ratio esti-
mation is a highly versatile tool for machine learning.

Keywords

Density ratio, non-stationarity adaptation, outlier detection, dimensionality reduc-
tion, independent component analysis, conditional density estimation.
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1 0000

0000000000000 000O00DO00DOO00DOOo0DOOoO0oDOOoOoDOOoOoDOoO
0000000000000 0000000000 (SVM)(Vapnik, 1998) 000000
OO0000O0bO00000O0D00obO00boooosvMOOobobooobooooooo
OO000000000000000O000O000ODO0DO000O000O000O00DO000
OO00oO0DbOooOn

O000000000000000000O00000O0DO0000O000O00Do0oO0oDOod
0000000000 (Sugiyama et al., 2009)00000000000000000O0OO
O00000000000000000000000000 (Hardle et al., 2004) 0000
000000000000 (Huang et al., 2000 000000000000000 (Qin,
1998; Cheng and Chu, 2004; Bickel et al., 2007) 0 0000000000000 0O0O0OO
(Sugiyama et al., 2008)0 0000000000 (Kanamori et al., 20092)0 000000
00000000 (Kanamori et al., 20092) 00 000000000000 OO0OO0OO
(Fishman, 1996) 0 0000000000000 0OOOOO

000000000000 00D00000DO00000DbO0D000DOO0oDoDOoo0oOOooDd
O00000000000000000O (Shimodaira, 2000; Zadrozny, 2004; Sugiyama
and Miiller, 2005; Sugiyama et al., 2007; Quinonero-Candela et al., 2009)0 00 00O O
(Hido et al., 2010; Smola et al., 2009; Kawahara and Sugiyama, 2009)0 0000000
O (Sugiyama et al., 2010c; Sugiyama, 2009) 00 0000000000000 0O0OOO
OO00000000000000oDo00oooooooooooooooooooogn
0000000000 DO0O00O0 (Suzuki et al., 2008; Suzuki et al., 2009b)0 0 0 00 O
OO00000D000O00O0000oo0ooooooooooooooooooooooog
0000 (Suzuki et al., 2009a)0 00 0 0O (Suzuki and Sugiyama, 2010) 0000000
(Suzuki and Sugiyama, 2009)0 0 0 00O (Yamada and Sugiyama, 2010) 0000000
ooogo

2 0JOooon

gboboboooobobbooogbobuoogobbbuoobbboooobobod

21 00O

00000000 P(CRY) 00000000 ¢(z) 0000000000000 iid
00 {=};,000000000 ¢(x) 0000000000000 1id.00 {«/}*, 0
0000000000000000g(x) 0

q(x) > 0 for all x € D
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00000000000000020000 {a}, 0 {}7, 0000000

gboboogobood

22 0JO000ODOOOO(KDE)OOOOOO

000000000 (kernel density estimation; KDE) O 0ii.d. 00 {«;}7, 0000
0000000000000 p(x) 0000000000000 ODOODOOOOODOOO
goooo

K, (@) = exp (_M) , 1)

202

OO0O0O0bOooKDEODOODODOOOOOooOOo

N 1 o
plx) = n(2ro2)i? ; K,(z,x;)

0oooooo

KDEOOOOOOOOOOOD ¢ 000000000000000 ¢000000
000 (Hirdle et al., 2004)0000000000000000 {a}2, 0 k00000
00000000000000000 {4}, 0000000000{X;},,00000
0000000 pa(¢) 0000X 00000000000000

1 .

m %ZXZ log p, ()
ooooo ¢=1,2,...,k000000000000000O0O00000 eO0DOOOO0O
KDEOOOOOOOOOOoOOoOooooooooooooooooooooooo
000 (@) 0 ¢(«) 0000 G@) 0 (=) 00{z,}, 0 {2/}, 00000000
godooodooouooooooogoon

gbbobuoooobbboooobbbuoooobbbuoobbbooooboo



gboboboooobbobuooobbodo 4

2.3 000000000 (KMM)

000000000 (kernel mean matching; KMM) OO OOOOOOOOOOO0OOO
O000000000000000000 (Huang et al.,, 2000 KMMOOOOOOOO
O g(x)0 ¢(xz) D0000O0O0O0ODODODODODO (Steinwart, 2001) 0000000 COOO
0000000000000000 F) 000000000000 (1)O0O0ODOOOO
gboogdgbobobooggbbboooobboboooobboboooobn

?mH/K m—/K 2)¢(x)dz

subject to /r(a:)q(a:)d:c =1 and r(x)>0

2

(2)

H

0000 |, 0000000000000000000000K,(z,2)000000
00 (1)0000

000000000000000000000000000000000000000
0ooo

n ’I'L
n
min [ E riry Ko (X, @y ——/E T K,(x;,x
n

{7"1 i=1 ii/=1 i=1 j=1
1
- E r; — 1
n-

=1

B(>0)0 e(>0)000000000D000000ODODOODOOODOOOODOOOOOO
O000ooooooooooooo {my, 0000 {«}, 00000000000
00000000 (Huang et al., 2007)0

KMMOOOOODOOOODOOoOoOooOooobooooobooobooooooKMMO
goobooobbtoooobbd Bl bbb bboooobbbooon
O000o0o0o0oooo0ooKMMOOOOOOOOOOOO0O0O {«}-, 0000000
DDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDD
gooobobobobobbbobooooooooooobobobobobbboboooo KMMOOOO
00 (2)000000000000000000 (Kanamori et al., 2009b) 0000000
gooodbboobbooobbooobboobboobobobooboorRKMMOOOO
0(2)000000000000000000OO0OO000DU00ODOOO0DUOODOOO
guoodoooooooobobood

gootoobbbdgdguobbbbbbbodud eddoobobbbooognbd
000000000 (Scholkopf and Smola, 2002)0 KMMOOOOOOOOOOOOOO
goobbbbbodoogooobbbbodoguooooooonbboboooao
googg

<e and 0<ry,rg,...,7, < B

subject to
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24 0JO00O0ODODOO(LR)ODOOOOO

0000000000000000000000000000000 50000 ¢(x)
00000000000 y=100¢(z)00000000000 p=-1000000
000000000000000¢(x)0 ¢(x)0

p(xln = -1)
¢(z) = p(xln = 1)

L=
—~
8
N—
I

O0000000000000000000 n00000000000O (Qin, 1998; Cheng
and Chu, 2004; Bickel et al., 2007):

_ pn=—-1) p(n= 1z
p(n=1) p(n=—1lz)

0 p(n=-1)/p(n=1) 000000000 n/o/ 000000000000 p(ple) OC
000000000 (logistic regression; LR) 0000 {a;}7, O {x} ;L/:l oooo0o0O0o
goooogoooo

LROOOODOOD p(nle) 00 ODDODDOODOOOOOOOODODOOOOO

ﬂnhﬂ=:<1+em3(—n§:Q¢A@O)

000 {¢(x)}p, 0000000 0O0mOO0O000O00O0O0O00O0O0OO0OO ¢OOOO
gbooboooobbbuoooboboboooon

Z = argénin [Z log <1 + exp (Z CZ@(%)))
i=1 =1
+) log (1 + exp (- > Ceﬁbz(w}))) + )\CTC]
=1

Jj=1

r(x)

gboogobogbobuobbogboboobooobuoobbooboooboon
O0000000000000000000000 (Minka, 2000000000000O0O

doooooooood
N n U
r(x) = ﬁexp (; ngbg(a:))

LROODODODOOOOOOOOOOOOOoOoOooOoooDOooooooooooon
0000000000 {¢(x)}yr, 000000000 AODOOOOOOOOOOOOO
doooooooooooooon

00000 LROOO0OU0OO30oooooooooooobobboooooooooad
O (Bickel et al., 2008)0
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25 000000000000 O0O0DOO (KLIEP)

O00000000000000000 (Kullback-Leibler importance estimation proce-
dure; KLIEP)(Sugiyama et al., 2008) 000 0000000000000 O0O0OOOOO
Oo00o0Oooooon

KLIEPOOOOOO r() 0000000000 OODOOOO

b
r(x) = Z agpe(T) (3)
=1

{a}t_, 0000000000 {¢g(x)}_,0000000000000000

000000 Ae) 000000¢(x) 0 ¢(x) =fx)g(z) 000000000000
KLIEPOODOOO0O000 {a},00¢(z)00 ¢(x) 000000000000000
000000000000000

KL[{ ~y :/ / q () _/ / ~
¢ (z)||7 (z)] ¢ (z)log dx ¢ (z) log7(z)dz (4)
D q(m) D

0100000000000000¢(x) 000000000000000000000
0000000000

1= [ §@)dz = | (2)y(z)de (5)
JRCEY

0()00200000000 (5)00000000000O00O0O0ODOOOODOOOO
gbooogao

s [Soon ()

loekicy |55 =1

sub'ecttol Q x;))=1 and ay,qs,...,q, >0
J n; eizlw( ) 1, 02 b=
000000000DL000000Db0000O0b0000O0O0000O0o0D0D0oOoOooDOoa
0dddooo0boO0ood0d000ooooOo0D0000oKLIEPOOOOODODOO 10
00
KLIEPOOOODOODOOOOO {e(x)}s_, 000000000000000000O0
000000000000 000000D0O0O0O0000000000DOO0O0OO00000
Oddddoooooooooodd0ooooooooooooooooaon

r(x) = Z Ky (x, )
=1

000 K,(z,2’) D00 (1) 000000000 O0OOOOOOOOKLIEPOOOOOO
gbobobboboooobo eb0bbOoObLOO0OO0ODLODODODOOKLIEP
0000000000000 0000 20000KLIEPO MATLAB® 000000
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Input: m = {gu(@)}, {2}y, and {2},

Output: 7(x)

Ajo+— ()  for j=1,2,...,n" and { =1,2,...,b;

§o— =30 v pe(my)  for £=1,2,...b;

Initialize & = (a1, g, ..., )" (> 0p) and ¢ (0 < & < 1);

Repeat until convergence
a+— a+eA"(1,./Aa); % Gradient ascent
a+—a+(1-€"a)/(€7€); % Constraint satisfaction
o <— max(0y, ); % Constraint satisfaction
o+ a/(€"a); % Constraint satisfaction

end

P(x) «— Yp_y cepe();

O 1: KLIEPODODODOOOOO, O pODOODODO0ODOOL, 02 OD0O0O 1000000
004/ 00000000000T0000000000000000000 ‘max’00
goobooooooboobod

Input: M = {m | m = {g(x)}j_,}, {=:}L,, and {}}},,
Output: 7(x)

Split {/}" into k disjoint subsets {X/}¢_;;
for each model m € M
for each split t =1,2,... k
@(m> — KLIEP(m7 {wi}?:la {X.g{}j#t);
Li(m) — by Y peny o8 T (@);
end
Lm) «— 3 30, Lu(m);
end
M ¢— argmax,, \( L(m);
(@) — KLIEP (i, {x;}1y, {/}7,);

O 2 KLIEPOOOOODODOOOOOOOOOO
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http://sugiyama-www.cs.titech.ac. jp/ sugi/software/KLIEP/

gbooboooon

2.6 0000000000 (LSIF)

KLIEPOODOUOOODOOOOOOLODOOoOOOooOooo 200000000000 on
0000000000000 (least-squares importance fitting; LSIF)(Kanamori et al.,
20002) 00 0000000000000O0O0OOOOOOOOO r(x) OOKLIEPOO
0000000 (3)0000000000000 a=(a,0s,...,0) 00000000
Jouooooooooooooon

1

hie) = ; [ (@)~ r(@) @)z

—; [ @ @iz - [Fe)i@)ia+ 3 [ ) (@)

OOobOO0obobooobooooboobobo20b Joooooog

1

Hey = [FlaPa@yiz— [ Fe)d(@)ia

JOooobouoobuooboobobbobbooboooboooobg

gooo

~ 1<
Hyp = — i 1\ L;
0 nE eo(xi)or (i)

=1
e LS
= ~ W(a”j)
j:

gbbooudbbodboooboobobbooboobbuoobbooooboon
gobobodo

b b b
1 ~ ~
min 5 E Oég(l/e/Hg’g/ — E O_/ghg + A E Qy
(=1 =1

b
lackioy [ % 02

subject to aq, ae, ..., ap >0 (6)
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0000ADD0000000000000O000 (6)0000000000000000
0000000000000000000000000000000000000000
DOKLIEPOOOOOOOOOOOOOOOO00000 ¢000000000 AOQOO
000000000000000000KLIEPOOOOOOOOLSIFOOOOOOOO
{;}p, 0 {«/}», 000000000000

LSIFO00 a0000000000 AD0OO0OOOOO0OO0O0O0O0O0O000000000
(Kanamori et al., 2009)0 0 00 000000000000000000000000O0
000000000 AD00O0DO000000D0000000000 (Best, 1982; Efron
et al., 2004; Hastie et al., 2004)0 LSIFO 00 0000000000000 300000
0000000000000000000000000000000000000000
000000000000000000000000000LSIFOOOO0O000000
0D0000O0LSIFO ROOOOODO

http://www.math.cm.is.nagoya-u.ac.jp/ kanamori/software/LSIF/

goobooogn

27 00000O0OOOOO0OODOO (uLSIF)

OOoobooooboooobooooooLSIFoooooooooooooboooooog
gboogobuogbbogboobobuoobbbobooobuoooboobbboon
000000000000000000000 (unconstrained LSIF; ulLSIF) 00 00O
O (Kanamori et al., 2009a)0]

uSIFOOOODO0O0DODO0DO0DO0O0OLSIFOOOOOO (6)0o00ooooooooooo
gboboboooobboobooogbobboooobboooon

b b b
Rl . SO
min | o E o Hy g — E Oéghg+§ E % (7)
/=1 /=1

laciey |2 )

gboogodboobobooboboobuoooobuoobbooboobbooboon
0000 (nO0O0D0D0O0oO0o0o0o0o0oooooooo

& = (01, da,...,0,)" = (H+AL)"h

oooor,0s00000OOobO0ObOb0ObOO0OO0ODOObDObDObOObOObOODOD
gbbboooobbbuooobbbooodobbboood

ay = max(0,ay) for £ =1,2,...,b

ulSIFO0000000000000000000000000C0CO0000000000
00000000000 (Kanamori et al., 2009b)0
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Input: H and h
Output: entire regularization path a(X) for A > 0

T++— 0; k(—argmaxi{ﬁ”i: 1,2,...,b}
Ao A {12, bRk

a(\;) «— Oy % the vector with all zeros
While A\, > 0
E < O 3. % the matrix with all zeros

Fori=1,2,...,|A

end

—_ ~T
a(_(H —F >;

- 0ﬁ|x|ﬁ|

-
- (1
u<—G1(h ; v<—G1< b);

04 04

If v < 0,, 4 % the final interval
A1 — 05 a(Arpr) <— (ur,ug, ... ,Ub)T;
else % an intermediate interval

A1 — max{0, ug/vg };

If1<k<b
A +— AU{k};
else

A — A\ s);

a(Ary1) — (ur,ug, .o yup) " — A (01,02, . .

Ei,ji — 17 % A: {jlaj?a"'?juﬂ |]1 <j2 < - <j|ﬁ|}

k «— argmax;{u;/v; | v; >0, i=1,2,...,b+ |le\|},

7Ub)T;

end
end
T— 714+ 1;
end
i >
a(N) «— {O;THA R N ?f =
ma()\T) /\T+1—/\7a()‘7+1) if A <A<\,

10

O 3 LSIFDDDDDDDDDDDDDDDa_lDDDDDDDDDDDDﬁDDDD

obobbobooboobooboobon
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ulSIFOO0O00000000000000 (leave-one-out cross-validation; LOOCV) O
gogoobbobbobtboddoooooodoobooobobbobbobbobouuuo
Oroocviooopoooooooobooroocvoooooooobooooono 4
O000uLSIFO MATLAB® 00O ROOOOO

http://sugiyama-www.cs.titech.ac.jp/ sugi/software/uLSIF/
http://www.math.cm.is.nagoya-u.ac.jp/ kanamori/software/LSIF/

gboboboogagn

28 JU00oboooood

KDEOOOOOOOOOOODOOOOOO0OO0O000000000000000000
00000000000 00000000000000000000000000000
00000000 (Vapnik, 1998; Hirdle et al., 2004)0

KMMOOOOOOOOOOOOOOOOOKDEOOOOOODOOOOOOOOOO
0000000000000 000000000000000000000000000
00000000000 00000000000000000000000000000
0000000000000 00000000000000000000000000C0
0000000000000000000000000000000000000000
000000000000 0000000000000000000000000000
O0000KMMOOOOOOOOOOOOOOOOOOO

LRO KLIEPOOOOOOOOOOOOOOOOOOOO0O00O00O00O0O00000
0000000000000000000000000000000000000000
00000000000 00000000000000O0KLIEPOOOOOOOOOO
000000000000 000000000000000000LROOO0O0OO0O0
0000000000000000000000000000000000000000
ooooo

LSIFO LRO KLIEPOOOOOODOOOOOO0OOO0O0O0OO0000O00000000
O00000O0O000LSIFOOKLIEPOOOOOOOOOOOOO0O000000000
00000000000 00000000000LSIFOOO0O000OO000000O0no
O00000O0O0O0LRO KLIEPOOOOOOOOOOOOOOOOOO0OO0O0O0OO00O0O
00000000000 0000000

WLSIFOODO0OO00000000000000000000000000000000
00000000000 00000000uWSIFOO00000000000000000
O0000OuWLSIFOOO00O000000000000000000000000000
00000000000000000000000000000000000uLSIFO0
00000000000000000000000000

O0000uWSIFOOO0O0000000000000000000000
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Input: {z;}7; and {z}}",

Output: 7(x)

b +— min(100,n'); 7 <— min(n,n’);

Randomly choose b centers {c,})_, from {:v;};’:l without replacement;
For each candidate of Gaussian width o

~ 1 < . — 2 i — 112
Hé,e/%—Zexp<—”m cel” + cﬁ“)forf,é’:l,Q,...,b;

202
|} — el
he — — Z —2 for 0=1,2,...,b;
2
Xp; & exp —M fori=1,2,...,nand {=1,2,...,0;
20
I 2
X, +— exp <—M) fori=1,2,...,nand £ =1,2,....b;
: 252
For each candidate of regularization parameter \
= = An-—-1
B m+ 2" =Yy
n
~T ~—1
~—1~ ~— h B X
By+— B 'h1l + B ' X diag :
nll — 1T(X *B X)
=~ — ~— 17(X' B X
B+ B 'X'+B Xdiag v ( )
nll -1/ (X «B~ X)
n—1
B2 <—— max <Ob><n, m(n/BO — Bl)),

T+ (1, (X % By)"; v «— (1, (X'« By))';
r'r lgr’
2n n

end
end
(0,A) «— argmin, ) LOOCV(a, \);

_ 1 <& . — 2 i —cpll?
Hyp +— —Zexp <_||a: cell” + i = el ) for 0,0 =1,2,...,0b;

202
|l —CeHQ
hg(— Zex s for{ =1,2,...,b;
o — maX(Ob, (H + )\Ib) 'h);

2
%Za e (12250,

04 wLSIFOOOOD0OODO000000000000000000O0B+«B' 000000
gobbdntooogn bb’DDDDDdlag( )D 00000000 o/, 000
gboboooaoggg
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3 Uuooooooobooon

oboobooboboboboooobobobobobobbooboooooboon
obooboobod

3.1 JUoooogn

000000 (Shimodaira, 2000) 0 0 0000000000000000000000
00000 ¢z) 00 ¢() 000000000000 p(yl) 00000000000
0000000000000000000000000000000000000000
0000000000000000000000000000000000000000
000000000000

IF])[IOSS(:B)]—/loss(:c)q’(a:)d:c—/loss(ac)r(:c)q(w)dw— %E)[r(w)loss(a:)]
q (z q(x
000000000 loss(z) O ¢(x) 00000000000 ¢(x) 000000000
guooooooooboobood
goobbobobbodooooobbobobbodoooooobobobbobougg
O00000000000000000000000000000000000 (Shimodaira,
2000; Zadrozny, 2004; Sugiyama and Miiller, 2005; Sugiyama et al., 2007)0 0 0000 O
gotobbbbodgooobbbboodoooobbobboooooobobbboooa
00000000000 0000000000000000 (Wiens, 2000; Kanamori and
Shimodaira, 2003; Sugiyama, 2006; Sugiyama and Rubens, 2008; Sugiyama and Nakajima,
2009)0]
gogbobbogoobbobbboduogooobobobobbooobboooada
O0000000000000000000000000 (Sugiyama et al., 2000000
000 (Hachiya et al., 2009a; Hachiya et al., 2009b)0 0 0 O O (Yamada et al., 2010)0
000000 (Tsuboi et al.,, 2009) 000000 (Uekiet al.,, 2010)0 000000000
O0000000000000000000 (Bickel et al.,, 2008) 00000000000

3.2 UJO0O0O0O0OO0O0OO0OO0oOoOn

googobodbogoobooobuobboobooobuogboooboao
gb20000000boo0bbuooboobbuoobbooobbilobbooon
goboggboggbiligobooobooooboooboobobooboooobooon
O00000000000000 (Hido et al., 2010; Smola et al., 2009)0

gouodgbboobuodboobbodboobboooboobboobooboo
000000 (Breunig et al., 2000; Scholkopf et al., 2001) 00 000000000000
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gbuodgbboobuodgboobboobuoobboobboobboobuooboon
gbooooodgn

uLSIFO 0000000000000 00000000D0000000 (Takimoto et al.,
20009) 00 000000000000 000C00000O00000000000O0 (Kawahara
and Sugiyama, 2009) 000000000000

3.3 Uduooood

0000 pe,y) 00000000 n00iid 00 {(z,y,)}p, 000z 0 yOO
0000000000000000

//p(a:,y) log ;)(w—’y)da:dy

(x)p(y)

0000000000000 {(zky)}., 000000000000000000
{(#r,y)}ip, 000000000 DOO0OOD0D0DO000000000000
0000000000000000000000

oz, y)
@)= ey

oggddng ?(:B,y)DDDDDDDDDD
L S~ log Pl 1)
— O
n grwlmyk
k=1

00000 (Suzuki et al., 2008; Suzuki et al., 2009b)0
goooooooobobobobn

%/ <% - 1)2p(w)p(y)da:dy

O00000000000000 (Suzuki et al., 2009a)0

godbobobooobouoobobobobobouoboooboobooobo
(Suzuki et al., 20092)0 0 0 0 O (Suzuki and Sugiyama, 2010)0 000000 (Suzuki
and Sugiyama, 2009)0 0 0 0 O (Yamada and Sugiyama, 2010) 00000000000
ggd

3.4 0OJU0ooooon

0000 p(r,y) 00000000 n 00 iid. 00 {(@y,)}r., 00000000
0 pylz) 0000000000000000 «000000000000000000
0000000000000000000 (Bishop, 2006; Takeuchi et al., 2009)0]
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O00000ooooo000{(x,y,)}, DOODDODODODOODODOOOODDOOO
{zx};_, 0000000000000 O00CO00OOO0OOOOOOOOOOOOOO0
0000000000000 0000p(yle) 000O0O0OODO

_ p(=,y)
@ y) =)

0000000000000y 00000000000 (Sugiyama et al., 2010c)0y 00O
00000000000 (Sugiyama, 2009) 00 000000000CO0O

4 00O

dododddoooouoodoooouoooooooouooooooouoooon
godotdobooootuooouooouootuoouoooooouoooouoooo
doododdooouoodooooouoooooooubouoooooouooooo
gotddoootuoboodooooodoouoooouoooouoooouoooo
gododdodoooooouoodoooouoooooooooouooooooo
0000000000000 (Sugiyama et al., 2010b; Sugiyama et al., 2010a)0

OO0O00O0AOARD, SCAT, JSTODOODODODOOOOODOOO
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