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Receiver Operating Characteristic (ROC) curve
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Receiver Operating Characteristic (ROC) curve
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Neyman Pearson®## &8

We wish to test a null hypothesis Hj against an alternative ;. Let the random variable Y have
probability distributions P(Y|Hy) under Hy and P(Y|H,) under H;, and define the likelihood
ratio ((Y) = P(Y|H,)/P(Y|Hy). The Neyman-Pearson lemma states that the likelihood ratio

test
1 if0(Y) > 7
D(Y){ v iflY)=T1 | (1)

0 ifeY)<r

for some 7 € (0,00) and v € [0, 1], is a most powerful test for its size: no other test has higher
Pp = Pr[D(Y) = 1|H,] for the same bound on Pr = Pr[D(Y) = 1|Hp|. (When ((Y) = T,
D = 1 with probability v and 0 otherwise.) Given a test size v, we maximize Pp subjectto Pr < «
by choosing 7 and ~ as follows. First we find the smallest value 7* such that Pr[/(Y) > 7%|H(| <
«v. To maximize Pp, which is monotonically nondecreasing with P, we choose the highest value
v* that satisfies Pr[D(Y) = 1|Hp| = Pr[{(Y) > 77|Ho] +v* Pr[¢(Y) = 7% |Hp| < «, finding
v* = (a—Pr[¢(Y) > 7*|Hp|)/ Pr[¢(Y) = 7*|Hy|.
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Optimal ROC curve
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Pp = PlY = 1|H,]

Proof. When o < Ppy, we can obtain a likelihood ratio test by setting 7* = £(1) and v* = «/ Py,
and for « > Ppy, we set 7* = £(0) and v* = (a« — Pp1)/(1 — Pry). O
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Proof. When o < Pp,, we can obtain a likelihood ratio test by setting 7* = ¢(1) and v* = o/ Py,
O

and for « > Ppy, we set 7* = £(0) and v* = (a« — Pp1)/(1 — Pr1).
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ROCCH (ROC convex hull) [Provost&Fawcett2001]
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IREFi%:LRROC (Likelihood Ratio ROC)
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The distribution for the second example appears in Table 1b. The likelihood ratios of the possible
outcomes are £(00) = 2.0, £(10) = 1/3, ¢(01) = 0.4, and ¢(11) = 5, s0 ¢(10) < £(01) < £(00) <
¢(11) and the three points defining the optimal ROC curve are —Y; V Y5, =(Y; € Y3), and Y7 A Y5
(see Figure 1b). In this case, an XOR rule emerges from the likelihood ratio analysis.
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The distribution for the second example appears in Table 1b. The likelihood ratios of the possible
outcomes are £(00) = 2.0, £(10) = 1/3, £(01) = 0.4, and ¢(11) = 5, so £(10) < £(01) < £(00) <
¢(11) and the three points defining the optimal ROC curve are —Y; V Y5, =(Y; € Y3), and Y7 A Y5
(see Figure 1b). In this case, an XOR rule emerges from the likelihood ratio analysis.
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The distribution for the second example appears in Table 1b. The likelihood ratios of the possible
outcomes are £(00) = 2.0, £(10) = 1/3, ¢(01) = 0.4, and ¢(11) = 5, s0 ¢(10) < £(01) < £(00) <
¢(11) and the three points defining the optimal ROC curve are —Y; V Y5, =(Y; € Y3), and Y7 A Y5
(see Figure 1b). In this case, an XOR rule emerges from the likelihood ratio analysis.
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The distribution for the second example appears in Table 1b. The likelihood ratios of the possible
outcomes are £(00) = 2.0, £(10) = 1/3, ¢(01) = 0.4, and ¢(11) = 5, s0 ¢(10) < £(01) < £(00) <
¢(11) and the three points defining the optimal ROC curve are —Y; V Y5, =(Y; € Y3), and Y7 A Y5
(see Figure 1b). In this case, an XOR rule emerges from the likelihood ratio analysis.
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The distribution for the second example appears in Table 1b. The likelihood ratios of the possible
outcomes are £(00) = 2.0, £(10) = 1/3, ¢(01) = 0.4, and ¢(11) = 5, s0 ¢(10) < £(01) < £(00) <
¢(11) and the three points defining the optimal ROC curve are —Y; V Y5, =(Y; € Y3), and Y7 A Y5
(see Figure 1b). In this case, an XOR rule emerges from the likelihood ratio analysis.
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The distribution for the second example appears in Table 1b. The likelihood ratios of the possible

outcomes are £(00) = 2.0, £(10) = 1/3, £(01) = 0.4, and ¢(11) = 5, so £(10)
¢(11) and the three points defining the optimal ROC curve are —Y7 V Ya, =(Y)

< £(01) < £(00) <
o, Yz), and Yl VAN YQ

(see Figure 1b). In this case, an XOR rule emerges from the likelihood ratio analysis.
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The distribution for the second example appears in Table 1b. The likelihood ratios of the possible
outcomes are £(00) = 2.0, £(10) = 1/3, £(01) = 0.4, and ¢(11) = 5, so £(10) < £(01) < £(00) <
¢(11) and the three points defining the optimal ROC curve are —Y; V Y5, =(Y; € Y3), and Y7 A Y5
(see Figure 1b). In this case, an XOR rule emerges from the likelihood ratio analysis.
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The distribution for the second example appears in Table 1b. The likelihood ratios of the possible
outcomes are £(00) = 2.0, £(10) = 1/3, ¢(01) = 0.4, and ¢(11) = 5, s0 ¢(10) < £(01) < £(00) <
¢(11) and the three points defining the optimal ROC curve are —Y; V Y5, =(Y; € Y3), and Y7 A Y5
(see Figure 1b). In this case, an XOR rule emerges from the likelihood ratio analysis.
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Theorem 2 [f the distributions of the outputs of n proper binary classifiers Y1,Ys,...,Y,, are con-
ditionally independent given the instance class, then the points in ROC space for the rules AND
(Y1 ANYs A---AY,)and OR (Y1 V Y5 V --- V'Y,,) are strictly above the convex hull of the ROC
curves of the base classifiers f1,..., [n. Furthermore, these Boolean rules belong to the LR-ROC.

20



NIKON CORPORATION
Core Technology Center
Month Day, Year Nikon

ROCCHMOPTIMALTHAT-H D

Theorem 3 Consider n classifiers fi,..., fn. The convex hull of the points (Pp;, Pp;) and (0,0)
and (1,1) (the ROCCH) is an optimal ROC curve for the combination if (Y; = 1) = (Y; = 1) for
i < j and the following ordering is satisfied: ¢(00---0) < £(00---01) < £(00---011) < -+ <
O(1---1).

ClassifierlZIEFEMNDIToNBIEE.
(REDOEYSHIEA n+ 1 {E)
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Here is an example comparing their method to ours. Consider the following probability dis-
tribution on a random variable Y € {0,1}%: P((00,10,01,11)|H;) = (0.1,0.3,0.0,0.6),
P((00,10,01,11)|Hp) = (0.5,0.001, 0.4, 0.099).
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Here is an example comparing their method to ours. Consider the following probability dis-
tribution on a random variable Y € {0,1}%: P((00,10,01,11)|H;) = (0.1,0.3,0.0,0.6),
P((00,10,01,11)|Hp) = (0.5,0.001, 0.4, 0.099).
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We chose five base classifiers from the YALE machine learning platform [7]: PART (a decision list
algorithm), SMO (John Platt’s Sequential Minimal Optimization), SimpleLogistic, VotedPerceptron,
and Y-NaiveBayes. We used the default settings for all classifiers. The adult dataset has around

the data to hold out for testing.) We compute the likelihood ratios for all outcomes and order them.
When there are outcomes with no positive or no negative training examples, we treat - /0 as near-
infinite and 0/- as near-zero. For an outcome with no training examples at all, we define 0/0 = 1.
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Future work
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