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論文の概要

・対象とする問題
     システムのパラメータ推定（時間普遍）および状態推定（時間変化）
・対象とするシステム（扱うモデル）
     ベイジアン線型・ガウスノイズシステム
     (Bayesian LGSSMs; Linear Gaussian State-Space Models)
・論文の貢献
     - 変分ベイズ法による解法が提案されているBayesian LGSSMs を，
     - それと等価な LGSSMs に変換して，
     - Kalman Filtering/Smoothing アルゴリズムで解く方法を導出した．
・研究特徴
     - パラメータの曖昧性（事前分布）を考慮したベイズ推定手法
     - 再帰計算可能なベイズ学習アルゴリズム．
          * 変分ベイズ法（バッチ型，反復計算）に基づくアルゴリズムをKalman Filter/
Smootherと対応する型（逐次計算型）に変形．
     - ベイズ学習アルゴリズムとKF/KSを統一的に理解（"Unified"）．
     - 変分ベイズ法を用いる従来手法よりエレガント
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Abstract

Linear Gaussian State-Space Models are widely used and a Bayesian treatment
of parameters is therefore of considerable interest. The approximate Variational
Bayesian method applied to these models is an attractive approach, used success-
fully in applications ranging from acoustics to bioinformatics. The most challeng-
ing aspect of implementing the method is in performing inference on the hidden
state sequence of the model. We show how to convert the inference problem so
that standard and stable Kalman Filtering/Smoothing recursions from the litera-
ture may be applied. This is in contrast to previously published approaches based
on Belief Propagation. Our framework both simplifies and unifies the inference
problem, so that future applications may be easily developed. We demonstrate
the elegance of the approach on Bayesian temporal ICA, with an application to
finding independent components in noisy EEG signals.

1 Linear Gaussian State-Space Models

Linear Gaussian State-Space Models (LGSSMs)1 are fundamental in time-series analysis [1, 2, 3].
In these models the observations v1:T

2 are generated from an underlying dynamical system on h1:T

according to:

vt = Bht + ηv
t , ηv

t ∼ N (0V , ΣV ), ht = Aht−1 + ηh
t , ηh

t ∼ N (0H , ΣH) ,

where N (µ, Σ) denotes a Gaussian with mean µ and covariance Σ, and 0X denotes an X-
dimensional zero vector. The observation vt has dimension V and the hidden state ht dimension
H . Probabilistically, the LGSSM is defined by:

p(v1:T , h1:T |Θ) = p(v1|h1)p(h1)
T∏

t=2

p(vt|ht)p(ht|ht−1),

with p(vt|ht) = N (Bht, ΣV ), p(ht|ht−1) = N (Aht−1, ΣH), p(h1) = N (µ, Σ) and where
Θ = {A, B, ΣH , ΣV , µ, Σ} denotes the model parameters. Because of the widespread use of these
models, a Bayesian treatment of parameters is of considerable interest [4, 5, 6, 7, 8].

An exact implementation of the Bayesian LGSSM is formally intractable [8], and recently a Varia-
tional Bayesian (VB) approximation has been studied [4, 5, 6, 7, 9]. The most challenging part of
implementing the VB method is performing inference over h1:T , and previous authors have devel-
oped their own specialized routines, based on Belief Propagation, since standard LGSSM inference
routines appear, at first sight, not to be applicable.

1Also called Kalman Filters/Smoothers, Linear Dynamical Systems.
2v1:T denotes v1, . . . , vT .

（Abstractより抜粋）
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説明の流れ

・扱うモデル（線型ガウスモデル，ベイジアン線型ガウスモデル）の説明
     - 1. Linear Gaussian State-Space Models
     - 2. Bayesian Linear Gaussian State-Space Models

・変分ベイズ法（バッチ，反復）の説明
     - 2. 節の "Variational Bayes"

・問題の変換
     - 3. Unified Inference on q(h)

・実験
     - 4. An Application to Bayesian ICA

・まとめ
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・LGSSMsとは？
     - 観測方程式，運動方程式が線型．
     - ノイズがガウスノイズ．
     - パラメータ（６個）
 
（研究の動機）
・パラメータに曖昧性があるという条件下で，パラメータおよび状態を推定をしたい．
・確率伝搬法（BP; Belief Propagation），変分ベイズ法（VB; Variational Bayes）
     - LGSSMsに関して広く知られているカルマンフィルターとはどんな関係なのか？
     - VB法とKF/KSを組み合わせて，エレンガントな形（Predictor-Corrector, Raugh-
Tung-Striebel recursion）にしたい！！

1. Linear Gaussian State-Space Models

初期状態のパラメータ

（観測方程式）

（運動方程式）

（LGSSMs）
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2. Bayesian Linear Gaussian State-Space Models（１）

・"Bayesian ..."：パラメータの分布（曖昧性）を考慮する．

・遷移行列（A）と観測行列（B）の曖昧性を次のように表現する．
（ただし，時間変化しない．）
     - 各列成分（状態の各次元に作用する）に，独立に同じガウスノイズが加わる形．

・知っているもの＆知りたいもの
     - 知っているもの：
           モデル，ハイパーパラメータ（とパラメータの一部），観測値
     - 知りたいもの：状態量および未知パラメータ

非ベイズ的
ベイズ的

パラメータ（既知）

パラメータの分布

ハイパーパラメータ（既知）

＝

※本当はΣH，ΣVの共役事前分布も考慮する
のですが，主題とあまり関係ないので，外して
考えます．ご了承下さい．
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ログエビデンス
（エビデンス：未知変数で周辺化された周辺尤度）

未知変数（知りたいもの）

テスト分布
（未知変数の分布を近似的に表現）

（変分近似：Jensenの不等式を適用）

エントロピーの定義そのまま さらに，因数分解する．（モデル構造）

Jensenの不等式

例）

2. Bayesian Linear Gaussian State-Space Models（２）
変分ベイズ法の復習（１）：変分近似・平均場近似
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2. Bayesian Linear Gaussian State-Space Models（２）
変分ベイズ法の復習（２）：変分問題を解く．

ログエビデンスとその変分近似F，およびテスト分布 q の関係

汎関数Fの変関数 q に関して最大化する変分問題

テスト分布と未知変数の分布（知りたいもの）との非類似度

テスト分布と未知変数の分布の非類似度最小化問題

変分問題を解くと・・・反復計算により最適解を求める計算式が出てくる．
（EMアルゴリズムに類似，BPと等価．）

VB法に基づいて知りたいものを求める
計算法を導出した．
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・変分ベイズ法に基づいて，パラメータ・状態推定を行うための反復計算法を導出した．

・Kalman Filterのようなpredictor-corrector的な計算アルゴリズムにできないか？
     - exp の肩にかかる部分の計算を逐次的に行えないか？

・上記更新式に含まれいてる < E(...) > に関する考察

3. Unified Inference on q(h) （２）
Mean + Fluctuation Decomposition3 Unified Inference on q(h1:T )

Optimally q(h1:T ) is Gaussian since
〈

E(h1:T , Θ|Θ̂)
〉

q(Θ)
is quadratic in h1:T , being namely

6

−
1

2

T
∑

t=1

[
〈

(vt−Bht)
TΣ−1

V (vt−Bht)
〉

q(B,ΣV )
+

〈

(ht−Aht−1)
T Σ−1

H (ht−Aht−1)
〉

q(A,ΣH )

]

.

(2)

Optimally, q(A|ΣH) and q(B|ΣV ) are Gaussians (see Appendix A), so we can easily carry out
the averages. The further averages over q(ΣH) and q(ΣV ) are also easy due to conjugacy. Whilst
this defines the distribution q(h1:T ), quantities such as q(ht), which are required for the parame-
ter updates (see the Appendices), need to be inferred from this distribution. Clearly, in the non-
Bayesian case, the averages over the parameters are not present, and the above simply represents
an LGSSM whose visible variables have been clamped into their evidential states. In that case, in-
ference can be performed using any standard method. Our aim, therefore, is to try to represent the
averaged Eq. (2) directly as an LGSSM q̃(h1:T |ṽ1:T ), for some suitable parameter settings.

Mean + Fluctuation Decomposition

A useful decomposition is to write
〈

(vt − Bht)
TΣ−1

V (vt − Bht)
〉

q(B,ΣV )
= (vt − 〈B〉 ht)

T
〈

Σ−1
V

〉

(vt − 〈B〉 ht)
︸ ︷︷ ︸

mean

+ hTt SBht
︸ ︷︷ ︸

fluctuation

,

and similarly
〈

(ht−Aht−1)
TΣ−1

H (ht−Aht−1)
〉

q(A,ΣH )
= (ht−〈A〉ht−1)

T
〈

Σ−1
H

〉

(ht−〈A〉ht−1)
︸ ︷︷ ︸

mean

+hTt−1SAht−1
︸ ︷︷ ︸

fluctuation

,

where the parameter covariances are SB = V H−1
B and SA = HH−1

A (see Appendix A). The
mean terms simply represent a clamped LGSSM with averaged parameters. However, the extra
contributions from the fluctuations mean that Eq. (2) cannot be written as a clamped LGSSM with
averaged parameters. In order to deal with these extra terms, our idea is to treat the fluctuations as
arising from an augmented visible variable, for which Eq. (2) can then be considered as a clamped
LGSSM.

Inference Using an Augmented LGSSM

To represent Eq. (2) as a LGSSM q̃(h1:T |ṽ1:T ), we augment vt and B as7:

ṽt = vert(vt, 0H , 0H), B̃ = vert(〈B〉 , UA, UB),

whereUA is the Cholesky decomposition of SA, so thatU
T

AUA = SA. Similarly, UB is the Cholesky

decomposition of SB . The equivalent LGSSM q̃(h1:T |ṽ1:T ) is then completed by specifying8

Ã ≡ 〈A〉 , Σ̃H ≡
〈

Σ−1
H

〉−1
, Σ̃V ≡ diag(

〈

Σ−1
V

〉−1
, IH , IH), µ̃ ≡ µ, Σ̃ ≡ Σ.

The validity of this parameter assignment can be checked by showing that, up to negligible constants,
the exponent of this augmented LGSSM has the same form as Eq. (2). Now that this has been written
as an LGSSM q̃(h1:T |ṽ1:T ), standard inference routines in the literature may be applied to compute
q(ht) = q̃(ht|ṽ1:T ) [1, 11, 2]9.

For completeness, we decided to describe the standard predictor-corrector form of a Kalman filter,
together with the Rauch-Tung-Striebel recursions [2] for performing inference in an LGSSM. These

6For simplicity of exposition, we ignore the first time-point here.
7The notation vert(x1, . . . , xn) stands for vertically concatenating the arguments x1, . . . , xn.
8Strictly, we need a time-dependent emission B̃t = B̃, for t = 1, . . . , T − 1. For time T , B̃T has the

Cholesky factor UA replaced by 0H,H .
9Note that, since the augmented LGSSM q̃(h1:T |ṽ1:T ) is designed to match the fully clamped distribution

q(h1:T ), filtering q̃(h1:T |ṽ1:T ) does not correspond to filtering q(h1:T ).

モデルの平均的な振る舞い 平均的振る舞いからのズレ

3 Unified Inference on q(h1:T )

Optimally q(h1:T ) is Gaussian since
〈

E(h1:T , Θ|Θ̂)
〉

q(Θ)
is quadratic in h1:T , being namely

6

−
1

2

T
∑

t=1

[
〈

(vt−Bht)
TΣ−1

V (vt−Bht)
〉

q(B,ΣV )
+

〈

(ht−Aht−1)
T Σ−1

H (ht−Aht−1)
〉

q(A,ΣH )

]

.

(2)

Optimally, q(A|ΣH) and q(B|ΣV ) are Gaussians (see Appendix A), so we can easily carry out
the averages. The further averages over q(ΣH) and q(ΣV ) are also easy due to conjugacy. Whilst
this defines the distribution q(h1:T ), quantities such as q(ht), which are required for the parame-
ter updates (see the Appendices), need to be inferred from this distribution. Clearly, in the non-
Bayesian case, the averages over the parameters are not present, and the above simply represents
an LGSSM whose visible variables have been clamped into their evidential states. In that case, in-
ference can be performed using any standard method. Our aim, therefore, is to try to represent the
averaged Eq. (2) directly as an LGSSM q̃(h1:T |ṽ1:T ), for some suitable parameter settings.

Mean + Fluctuation Decomposition

A useful decomposition is to write
〈

(vt − Bht)
TΣ−1

V (vt − Bht)
〉

q(B,ΣV )
= (vt − 〈B〉 ht)

T
〈

Σ−1
V

〉

(vt − 〈B〉 ht)
︸ ︷︷ ︸

mean

+ hTt SBht
︸ ︷︷ ︸

fluctuation

,

and similarly
〈

(ht−Aht−1)
TΣ−1

H (ht−Aht−1)
〉

q(A,ΣH )
= (ht−〈A〉ht−1)

T
〈

Σ−1
H

〉

(ht−〈A〉ht−1)
︸ ︷︷ ︸

mean

+hTt−1SAht−1
︸ ︷︷ ︸

fluctuation

,

where the parameter covariances are SB = V H−1
B and SA = HH−1

A (see Appendix A). The
mean terms simply represent a clamped LGSSM with averaged parameters. However, the extra
contributions from the fluctuations mean that Eq. (2) cannot be written as a clamped LGSSM with
averaged parameters. In order to deal with these extra terms, our idea is to treat the fluctuations as
arising from an augmented visible variable, for which Eq. (2) can then be considered as a clamped
LGSSM.

Inference Using an Augmented LGSSM

To represent Eq. (2) as a LGSSM q̃(h1:T |ṽ1:T ), we augment vt and B as7:

ṽt = vert(vt, 0H , 0H), B̃ = vert(〈B〉 , UA, UB),

whereUA is the Cholesky decomposition of SA, so thatU
T

AUA = SA. Similarly, UB is the Cholesky

decomposition of SB . The equivalent LGSSM q̃(h1:T |ṽ1:T ) is then completed by specifying8

Ã ≡ 〈A〉 , Σ̃H ≡
〈

Σ−1
H

〉−1
, Σ̃V ≡ diag(

〈

Σ−1
V

〉−1
, IH , IH), µ̃ ≡ µ, Σ̃ ≡ Σ.

The validity of this parameter assignment can be checked by showing that, up to negligible constants,
the exponent of this augmented LGSSM has the same form as Eq. (2). Now that this has been written
as an LGSSM q̃(h1:T |ṽ1:T ), standard inference routines in the literature may be applied to compute
q(ht) = q̃(ht|ṽ1:T ) [1, 11, 2]9.

For completeness, we decided to describe the standard predictor-corrector form of a Kalman filter,
together with the Rauch-Tung-Striebel recursions [2] for performing inference in an LGSSM. These

6For simplicity of exposition, we ignore the first time-point here.
7The notation vert(x1, . . . , xn) stands for vertically concatenating the arguments x1, . . . , xn.
8Strictly, we need a time-dependent emission B̃t = B̃, for t = 1, . . . , T − 1. For time T , B̃T has the

Cholesky factor UA replaced by 0H,H .
9Note that, since the augmented LGSSM q̃(h1:T |ṽ1:T ) is designed to match the fully clamped distribution

q(h1:T ), filtering q̃(h1:T |ṽ1:T ) does not correspond to filtering q(h1:T ).

・・・（２）式

元のBayesian-LGSSMsと「等価」（再帰的な尤度計算が（２’）と一致する）LGSSMsは，ないだろうか？
LGSSMsに変換できれば，KF/KSのアルゴリズムをそのまま使えるのではないか？

・・・（２’）式
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3. Unified Inference on q(h) （３）
Appendix A

frequency drift, source 5, 6 and 8 contain [10,11] Hz, while source 10 contains [20,21] Hz centered
activity. Of the 4 sources initialized to 50 Hz, only 2 retained 50 Hz activity, while the Ac of the
other two have changed to model other frequencies present in the EEG. This method demonstrates
the usefulness and applicability of the VB method in a real-world situation.

5 Conclusion

We considered the application of Variational Bayesian learning to Linear Gaussian State-SpaceMod-
els. This is an important class of models with widespread application, and finding a simple way to
implement this approximate Bayesian procedure is of considerable interest. The most demand-
ing part of the procedure is inference of the hidden states of the model. Previously, this has been
achieved using Belief Propagation, which differs from inference in the Kalman Filtering/Smoothing
literature, for which highly efficient and stabilized procedures exist. A central contribution of this
paper is to show how inference can be written using the standard Kalman Filtering/Smoothing recur-
sions by augmenting the original model. Additionally, a minor modification to the standard Kalman
Filtering routine may be applied for computational efficiency. We demonstrated the elegance and
unity of our approach by showing how to easily apply a Variational Bayes analysis of temporal ICA.
Specifically, our Bayes ICA approach successfully extracts independent processes underlying EEG
signals, biased towards preferred frequency ranges. We hope that this simple and unifying inter-
pretation of Variational Bayesian LGSSMs may therefore facilitate the further application to related
models.

A Parameter Updates for A and B

A.1 Determining q(B|ΣV )

By examining F , the contribution of q(B|ΣV ) can be interpreted as the negative KL divergence
between q(B|ΣV ) and a Gaussian. Hence, optimally, q(B|ΣV ) is a Gaussian. The covariance
[ΣB]ij,kl ≡

〈(

Bij − 〈Bij〉
)(

Bkl − 〈Bkl〉
)〉

(averages wrt q(B|ΣV )) is given by:

[ΣB]ij,kl = [H−1
B ]jl [ΣV ]ik , where [HB]jl ≡

T
∑

t=1

〈

hj
th

l
t

〉

q(ht)
+ βjδjl.

The mean is given by 〈B〉 = NBH−1
B , where [NB]ij ≡

∑

t

〈

hj
t

〉

vi
t + βjB̂ij .

Determining q(A|ΣH)

Optimally, q(A|ΣH) is a Gaussian with covariance

[ΣA]ij,kl = [H−1
A ]jl [ΣH ]ik , where [HA]jl ≡

T−1
∑

t=1

〈

hj
th

l
t

〉

q(ht)
+ αjδjl.

The mean is given by 〈A〉 = NAH−1
A , where [NA]ij ≡

∑T
t=2

〈

hj
t−1h

i
t

〉

+ αjÂij .

B Covariance Updates

By specifying a Wishart prior for the inverse of the covariances, conjugate update formulae are
possible. In practice, it is more common to specify diagonal inverse covariances, for which the
corresponding priors are simply Gamma distributions [7, 5]. For this simple diagonal case, the
explicit updates are given below.

Determining q(ΣV )

For the constraint Σ−1
V = diag(ρ), where each diagonal element follows a Gamma prior

Ga(b1, b2) [7], q(ρ) factorizes and the optimal updates are

観測値のバラツキ観測行列の曖昧性

係数

状態のノイズ遷移行列の曖昧性

係数

ここでやっていること：q(A) および q(B) を表現するガウシアンの，平均と分散を求める．
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3. Unified Inference on q(h) （３）
Bayesian LGSSMs --> LGSSMs

Bayesian LGSSMs Augmented LGSSMs

・左のテーブルのようにパラメータ
を書き換えたLGSSMsを考える．
・（２’）を直接計算可能．

元のBayesian-LGSSMsと「等価」（再帰的な尤度計算が
（２’）と一致する）なAugmented LGSSMsに変換．

元のBayesian-LGSSMsの状態推定問題

（Augmented-）LGSSMsの状態推定問題

 計算例：

ただし，
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3. Unified Inference on q(h) （４）
Inference Using an Augmented LGSSMs

・Forwardアルゴリズム
     - 状態量推定（フィルタリング）
     - a系列：通常のカルマンフィルター
     - b系列：LGSSMsのパラメータに変換
行列を加えた記述法．

・Backwardアルゴリズム
     - 通常のカルマンスムーザー

・変換行列Dの意味・解釈
     システム（A, B）の曖昧性がある分だ
け，通常のKFよりも予測値に内在する分散
を割ります．

Algorithm 1 LGSSM: Forward and backward recursive updates. The smoothed posterior p(ht|v1:T )
is returned in the mean ĥT

t and covariance PT
t .

procedure FORWARD
1a: P ← Σ
1b: P ← DΣ, whereD ≡ I − ΣUAB

(

I + UT

ABΣUAB

)−1
UT

AB

2a: ĥ0
1 ← µ

2b: ĥ0
1 ← Dµ

3: K ← PBT(BPBT + ΣV )−1, P 1
1 ← (I − KB)P , ĥ1

1 ← ĥ0
1 + K(vt − Bĥ0

1)
for t ← 2, T do

4: P t−1
t ← AP t−1

t−1 AT + ΣH

5a: P ← P t−1
t

5b: P ← DtP
t−1
t , whereDt ≡ I − P t−1

t UAB

(

I + UT

ABP t−1
t UAB

)−1
UT

AB

6a: ĥt−1
t ← Aĥt−1

t−1

6b: ĥt−1
t ← DtAĥt−1

t−1

7: K ← PBT(BPBT + ΣV )−1, P t
t ← (I − KB)P , ĥt

t ← ĥt−1
t + K(vt − Bĥt−1

t )
end for

end procedure
procedure BACKWARD
for t ← T − 1, 1 do

←−
At ← P t

t AT(P t
t+1)

−1

PT
t ← P t

t +
←−
At(PT

t+1 − P t
t+1)

←−
At

T

ĥT
t ← ĥt

t +
←−
At(ĥT

t+1 − Aĥt
t)

end for
end procedure

are given in Algorithm 1. To compute q̃(ht|ṽ1:T ), we then call the FORWARD and BACKWARD
procedures.

We present two variants of the FORWARD pass. Either we may call procedure FORWARD in

Algorithm 1 with parameters Ã, B̃, Σ̃H , Σ̃V , µ̃, Σ̃ and the augmented visible variables ṽt in which
we use steps 1a, 2a, 5a and 6a. This is exactly the predictor-corrector form of a Kalman filter [2].
Otherwise, in order to reduce the computational cost, we may call procedure FORWARD with the

parameters 〈A〉 , 〈B〉 ,
〈

Σ−1
H

〉−1
,
〈

Σ−1
V

〉−1
, µ, Σ and the original visible variable vt in which we

use steps 1b (where UT

ABUAB ≡ SA + SB), 2b, 5b and 6b. The two algorithms are mathematically
equivalent. Computing q(ht) = q̃(ht|ṽ1:T ) is then completed by calling the common BACKWARD
pass10.

The important point here is that the reader may supply any standard Kalman Filtering/Smoothing
routine, and simply call it with the appropriate parameters. In some parameter regimes, or in very
long time-series, numerical stability may be a serious concern, for which several stabilized algo-
rithms have been developed over the years, for example the square-root forms [10, 11, 2]. By
converting the problem to a standard form, we have therefore unified and simplified inference, so
that future applications may be more readily developed.

3.1 Relation to Previous Approaches

An alternative approach to the one above, and taken in [7, 5], is to recognize that the posterior is

log q(h1:T ) =
T

∑

t=2

φt(ht−1, ht) + const.

10The cross-moment required for learning in Section 4 can be easily computed using:

ht−1h
T

t p(ht−1:t|v1:T )
=

←−
A t−1P

T
t + ĥT

t−1(ĥ
T
t )T. This is much simpler than formulae surprisingly

continued in the literature [3, 13].

カルマンゲイン 状態更新

状態予測

初期値

分散の予測 変換行列

分散の更新

スムーザーゲイン
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4. An Application to Bayesian ICA（１）

for suitably defined quadratic forms φt(ht−1, ht). Here the potentials φt(ht−1, ht) encode the av-
eraging over the parameters A, B, ΣH , ΣV . The approach taken in [7] is to recognize this as a
pairwise Markov chain, for which the Belief Propagation recursions may be applied. The approach
in [5] is based on a Kullback-Leibler minimization of the posterior with a chain structure, which is
algorithmically equivalent to Belief Propagation. Whilst mathematically valid procedures, the re-
sulting algorithms do not correspond to any of the standard forms in the Kalman Filtering/Smoothing
literature, whose properties have been well studied [14].

4 An Application to Bayesian ICA

Figure 1: The structure of
the LGSSM for ICA.

A particular case for which the Bayesian LGSSM is of interest is in
extracting independent source signals underlying a multivariate time-
series [15, 5]. This will demonstrate how the approach developed in
Section 3 makes VB easily to apply. The sources si are modeled as
independent in the following sense:

p(si
1:T , sj

1:T ) = p(si
1:T )p(sj

1:T ), for i != j, i, j = 1, . . . , C.

Independence implies block diagonal transition and state noise matri-
ces A, ΣH and Σ, where each block c has dimension Hc. A one di-
mensional source sc

t for each independent dynamical subsystem is then

formed from sc
t = 1Tchc

t , where 1c is a unit vector and hc
t is the state of

dynamical system c. Combining the sources, we can write st = Pht,

where P = diag(1T1 , . . . , 1
T

C), ht = vert(h1
t , . . . , h

C
t ). The resulting

emission matrix is constrained to be of the form B = WP , where
W is the V × C mixing matrix. This means that the observations
are formed from linearly mixing the sources, vt = Wst + ηv

t . The
graphical structure of this model is presented in Fig 1. To encourage
redundant components to be removed, we place a zero mean Gaussian
prior on W . In this case, we do not define a prior for the parameters

ΣH and ΣV which are instead considered as hyperparameters. More details of the model are given
in [15]. The constraintB = WP requires a minor modification from Section 3, as we discuss below.

Inference on q(h1:T )

A small modification of the mean + fluctuation decomposition for B occurs, namely:
〈

(vt − Bht)
TΣ−1

V (vt − Bht)
〉

q(W )
= (vt − 〈B〉ht)

TΣ−1
V (vt − 〈B〉ht) + hTt P

TSW Pht ,

where 〈B〉 ≡ 〈W 〉P and SW = V H−1
W . The quantities 〈W 〉 andHW are obtained as in Appendix

A.1 with the replacement ht ← Pht. To represent the above as a LGSSM, we augment vt and B as

ṽt = vert(vt, 0H , 0C), B̃ = vert(〈B〉 , UA, UW P ),

where UW is the Cholesky decomposition of SW . The equivalent LGSSM is then completed by

specifying Ã ≡ 〈A〉, Σ̃H ≡ ΣH , Σ̃V ≡ diag(ΣV , IH , IC), µ̃ ≡ µ, Σ̃ ≡ Σ, and inference for
q(h1:T ) performed using Algorithm 1. This demonstrates the elegance and unity of the approach in
Section 3, since no new algorithm needs to be developed to perform inference, even in this special
constrained parameter case.

4.1 Demonstration

As a simple demonstration, we used a LGSSM to generate 3 sources sc
t with random 5×5 transition

matrices Ac, µ = 0H and Σ ≡ ΣH ≡ IH . The sources were mixed into three observations
vt = Wst + ηv

t , forW chosen with elements from a zero mean unit variance Gaussian distribution,
and ΣV = IV . We then trained a Bayesian LGSSM with 5 sources and 7× 7 transition matricesAc.

To bias the model to find the simplest sources, we used Âc ≡ 0Hc,Hc for all sources. In Fig2a and Fig
2b we see the original sources and the noisy observations respectively. In Fig2c we see the estimated
sources from our method after convergence of the hyperparameter updates. Two of the 5 sources

・提案手法を独立成分分析（ICA; Independent Component 
Analysis）の問題に適用

・ICAとは・・・
     複数系列の入力信号から，信号を構成している独立な信号成分
を抽出する．

例１）複数話者の会話を複数マイク録音しておき，録音した音声信
号から，各話者の会話を分離する．
例２）複数の測定器で計測した脳波（元の脳波の混合した信号）か
ら，意味のある信号を分離する．

互いに独立な系列

各系列の混合成分としての観測値
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4. An Application to Bayesian ICA（２）

・ICAで扱う問題は，観測行列に曖昧性のある状態空間モデルとし
てモデル化することができる．

・ICAでは状態推定というよりは，独立な各信号系列とその値を求
めることが目的．

・各系列は，単一のLGSSMs．

・全体は，観測行列 B に曖昧性がある Bayesian LGSSMs．

・観測行列 B=WP の形でモデル化
     - 各系列の信号出力：P・・・・・既知（単位行列）
     - 混合：W・・・・・・未知

for suitably defined quadratic forms φt(ht−1, ht). Here the potentials φt(ht−1, ht) encode the av-
eraging over the parameters A, B, ΣH , ΣV . The approach taken in [7] is to recognize this as a
pairwise Markov chain, for which the Belief Propagation recursions may be applied. The approach
in [5] is based on a Kullback-Leibler minimization of the posterior with a chain structure, which is
algorithmically equivalent to Belief Propagation. Whilst mathematically valid procedures, the re-
sulting algorithms do not correspond to any of the standard forms in the Kalman Filtering/Smoothing
literature, whose properties have been well studied [14].
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the LGSSM for ICA.

A particular case for which the Bayesian LGSSM is of interest is in
extracting independent source signals underlying a multivariate time-
series [15, 5]. This will demonstrate how the approach developed in
Section 3 makes VB easily to apply. The sources si are modeled as
independent in the following sense:

p(si
1:T , sj

1:T ) = p(si
1:T )p(sj

1:T ), for i != j, i, j = 1, . . . , C.

Independence implies block diagonal transition and state noise matri-
ces A, ΣH and Σ, where each block c has dimension Hc. A one di-
mensional source sc

t for each independent dynamical subsystem is then

formed from sc
t = 1Tchc

t , where 1c is a unit vector and hc
t is the state of

dynamical system c. Combining the sources, we can write st = Pht,

where P = diag(1T1 , . . . , 1
T

C), ht = vert(h1
t , . . . , h

C
t ). The resulting

emission matrix is constrained to be of the form B = WP , where
W is the V × C mixing matrix. This means that the observations
are formed from linearly mixing the sources, vt = Wst + ηv

t . The
graphical structure of this model is presented in Fig 1. To encourage
redundant components to be removed, we place a zero mean Gaussian
prior on W . In this case, we do not define a prior for the parameters

ΣH and ΣV which are instead considered as hyperparameters. More details of the model are given
in [15]. The constraintB = WP requires a minor modification from Section 3, as we discuss below.

Inference on q(h1:T )

A small modification of the mean + fluctuation decomposition for B occurs, namely:
〈

(vt − Bht)
TΣ−1

V (vt − Bht)
〉

q(W )
= (vt − 〈B〉ht)

TΣ−1
V (vt − 〈B〉ht) + hTt P

TSW Pht ,

where 〈B〉 ≡ 〈W 〉P and SW = V H−1
W . The quantities 〈W 〉 andHW are obtained as in Appendix

A.1 with the replacement ht ← Pht. To represent the above as a LGSSM, we augment vt and B as

ṽt = vert(vt, 0H , 0C), B̃ = vert(〈B〉 , UA, UW P ),

where UW is the Cholesky decomposition of SW . The equivalent LGSSM is then completed by

specifying Ã ≡ 〈A〉, Σ̃H ≡ ΣH , Σ̃V ≡ diag(ΣV , IH , IC), µ̃ ≡ µ, Σ̃ ≡ Σ, and inference for
q(h1:T ) performed using Algorithm 1. This demonstrates the elegance and unity of the approach in
Section 3, since no new algorithm needs to be developed to perform inference, even in this special
constrained parameter case.

4.1 Demonstration

As a simple demonstration, we used a LGSSM to generate 3 sources sc
t with random 5×5 transition

matrices Ac, µ = 0H and Σ ≡ ΣH ≡ IH . The sources were mixed into three observations
vt = Wst + ηv

t , forW chosen with elements from a zero mean unit variance Gaussian distribution,
and ΣV = IV . We then trained a Bayesian LGSSM with 5 sources and 7× 7 transition matricesAc.

To bias the model to find the simplest sources, we used Âc ≡ 0Hc,Hc for all sources. In Fig2a and Fig
2b we see the original sources and the noisy observations respectively. In Fig2c we see the estimated
sources from our method after convergence of the hyperparameter updates. Two of the 5 sources

互いに独立な系列

各系列の混合成分としての観測値
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4.1 Demonstration （実験１）

（設定）
・元信号：状態空間が５次元のLGSSMs x ３系列
・学習に使うデータ：元信号が混合した信号 x ３系列
・学習に使うモデル：各状態空間が７次元 x ５系列
（結果）
・提案手法とMAP推定での性能比較
・MAPでは余計な系列の存在を推定しているが，提案手法では３系列を特定．
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(b)
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(d)

Figure 2: (a) Original sources st. (b) Observations resulting from mixing the original sources,
vt = Wst + ηv

t , η
v
t ∼ N (0, I). (c) Recovered sources using the Bayesian LGSSM. (d) Sources

found with MAP LGSSM.
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Figure 3: (a) Original raw EEG recordings from 4 channels. (b-e) 16 sources st estimated by the
Bayesian LGSSM.

have been removed, and the remaining three are a reasonable estimation of the original sources.
Another possible approach for introducing prior knowledge is to use a Maximum a Posteriori (MAP)
procedure by adding a prior term to the original log-likelihood log p(v1:T |A, W, Θ) + log p(A|α) +
log p(W |β). However, it is not clear how to reliably find the hyperparameters α and β in this case.
One solution is to estimate them by optimizing the new objective function jointly with respect to
the parameters and hyperparameters (this is the so-called joint map estimation – see for example
[16]). A typical result of using this joint MAP approach on the artificial data is presented in Fig2d.
The joint MAP does not estimate the hyperparameters well, and the incorrect number of sources is
identified.

4.2 Application to EEG Analysis

In Fig 3a we plot three seconds of EEG data recorded from 4 channels (located in the right hemi-
sphere) while a subject is performing imagined movement of the right hand. As is typical in EEG,
each channel shows drift terms below 1 Hz which correspond to artifacts of the instrumentation,
together with the presence of 50 Hz mains contamination and masks the rhythmical activity related
to the mental task, mainly centered at 10 and 20 Hz [17]. We would therefore like a method which
enables us to extract components in these information-rich 10 and 20 Hz frequency bands. Stan-
dard ICA methods such as FastICA do not find satisfactory sources based on raw ‘noisy’ data, and
preprocessing with band-pass filters is usually required. Additionally, in EEG research, flexibility
in the number of recovered sources is important since there may be many independent oscillators
of interest underlying the observations and we would like some way to automatically determine
their effective number. To preferentially find sources at particular frequencies, we specified a block

diagonal matrix Âc for each source c, where each block is a 2 × 2 rotation matrix at the desired
frequency. We defined the following 16 groups of frequencies: [0.5], [0.5], [0.5], [0.5]; [10,11],
[10,11], [10,11], [10,11]; [20,21], [20,21], [20,21], [20,21]; [50], [50], [50], [50]. The temporal evo-
lution of the sources obtained after training the Bayesian LGSSM is given in Fig3(b,c,d,e) (grouped
by frequency range). The Bayes LGSSM removed 4 unnecessary sources from the mixing matrix
W , that is one [10,11] Hz and three [20,21] Hz sources. The first 4 sources contain dominant low

元の信号（３系列） 観測した信号

Bayesian LGSSMで
推定した元信号

MAP学習で推定した
元信号

（MAP推定に用いる事後確率）
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4.2 Application to EEG Analysis（実験２）
（１）概要

・EEG (ElectroEncephaloGraph)：脳波

・通常のICA（例：FastICA）を用いる場合の問題点
     ノイズの載った生データに対して，帯域通過フィルタを適用す
るなどの前処理が必要．

・EEGの分析に求められる性能
     観測されるEEGは多くの脳内信号の混合であるが，そこから独
立成分を何個抽出するかを柔軟に設定できること．
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4.2 Application to EEG Analysis（実験２）
（２）中身

（設定）
・学習に使うデータ：４系列の脳波
・学習に使うモデル：遷移行列の４つの周波数帯ごとに各４つ．全１６通り指定．
（見つけたい独立成分の周波数帯および，見つけたい独立成分数の最大値を指定．）
（結果）
・0.5Hz帯：低周波数の変動成分
・10-11Hz帯：３つだけ．
・20-21Hz帯：１つだけ．
・50Hz帯：50Hz帯のものが２つと，他の周波数帯のもの２つ．
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Figure 2: (a) Original sources st. (b) Observations resulting from mixing the original sources,
vt = Wst + ηv

t , η
v
t ∼ N (0, I). (c) Recovered sources using the Bayesian LGSSM. (d) Sources

found with MAP LGSSM.
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Figure 3: (a) Original raw EEG recordings from 4 channels. (b-e) 16 sources st estimated by the
Bayesian LGSSM.

have been removed, and the remaining three are a reasonable estimation of the original sources.
Another possible approach for introducing prior knowledge is to use a Maximum a Posteriori (MAP)
procedure by adding a prior term to the original log-likelihood log p(v1:T |A, W, Θ) + log p(A|α) +
log p(W |β). However, it is not clear how to reliably find the hyperparameters α and β in this case.
One solution is to estimate them by optimizing the new objective function jointly with respect to
the parameters and hyperparameters (this is the so-called joint map estimation – see for example
[16]). A typical result of using this joint MAP approach on the artificial data is presented in Fig2d.
The joint MAP does not estimate the hyperparameters well, and the incorrect number of sources is
identified.

4.2 Application to EEG Analysis

In Fig 3a we plot three seconds of EEG data recorded from 4 channels (located in the right hemi-
sphere) while a subject is performing imagined movement of the right hand. As is typical in EEG,
each channel shows drift terms below 1 Hz which correspond to artifacts of the instrumentation,
together with the presence of 50 Hz mains contamination and masks the rhythmical activity related
to the mental task, mainly centered at 10 and 20 Hz [17]. We would therefore like a method which
enables us to extract components in these information-rich 10 and 20 Hz frequency bands. Stan-
dard ICA methods such as FastICA do not find satisfactory sources based on raw ‘noisy’ data, and
preprocessing with band-pass filters is usually required. Additionally, in EEG research, flexibility
in the number of recovered sources is important since there may be many independent oscillators
of interest underlying the observations and we would like some way to automatically determine
their effective number. To preferentially find sources at particular frequencies, we specified a block

diagonal matrix Âc for each source c, where each block is a 2 × 2 rotation matrix at the desired
frequency. We defined the following 16 groups of frequencies: [0.5], [0.5], [0.5], [0.5]; [10,11],
[10,11], [10,11], [10,11]; [20,21], [20,21], [20,21], [20,21]; [50], [50], [50], [50]. The temporal evo-
lution of the sources obtained after training the Bayesian LGSSM is given in Fig3(b,c,d,e) (grouped
by frequency range). The Bayes LGSSM removed 4 unnecessary sources from the mixing matrix
W , that is one [10,11] Hz and three [20,21] Hz sources. The first 4 sources contain dominant low

観測した脳波（４系列） 0.5 Hz帯 10-11 Hz帯 20-21 Hz帯 50 Hz帯

独立成分なし

（別帯域の独立成分）
指定した周波数に対し
て，曖昧性を許すモデル
のため，別帯域の信号も
拾う場合がある．
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5. Conclusion

・LGSSMsの状態量およびパラメータをベイズ推定する問題を扱った．

・従来の変分ベイズに基づく解法は，効率的で安定な既存の手法（Kalman Filter/
Smoother）との対応関係が不明であった．

・Bayesian-LGSSMsをそれと等価なLGSSMsに変換した．これにより，KF/KSで
ベイズ推定が可能になった．[main contribution]

・ICA問題に適用して，提案手法が機能することを確認した．

・同様の考え方によって，他のベイズ推定問題を既存のアルゴリズムで解ける可能性
がある．


