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Abstract

Policy gradient is a useful model-free reinforcement learning approach, but it
tends to suffer from instability of gradient estimates. In this paper, we analyze
and improve the stability of policy gradient methods. We first prove that the vari-
ance of gradient estimates in the PGPE (policy gradients with parameter-based
exploration) method is smaller than that of the classical REINFORCE method
under a mild assumption. We then derive the optimal baseline for PGPE, which
contributes to further reducing the variance. We also theoretically show that PGPE
with the optimal baseline is more preferable than REINFORCE with the optimal
baseline in terms of the variance of gradient estimates. Finally, we demonstrate
the usefulness of the improved PGPE method through experiments.

1 Introduction

The goal of reinforcement learning (RL) is to find an optimal decision-making policy that maximizes
the return (i.e., the sum of discounted rewards) through interaction with an unknown environment
[13]. Model-free RL is a flexible framework in which decision-making policies are directly learned
without going through explicit modeling of the environment. Policy iteration and policy search are
two popular formulations of model-free RL.

In the policy iteration approach [6], the value function is first estimated and then policies are deter-
mined based on the learned value function. Policy iteration was demonstrated to work well in many
real-world applications, especially in problems with discrete states and actions [14, 17, 1]. Although
policy iteration can naturally deal with continuous states by function approximation [8], continuous
actions are hard to handle due to the difficulty of finding maximizers of value functions with respect
to actions. Moreover, since policies are indirectly determined via value function approximation,
misspecification of value function models can lead to inappropriate policies even in very simple
problems [15, 2]. Another limitation of policy iteration especially in physical control tasks is that
control policies can vary drastically in each iteration. This causes severe instability in the physical
system and thus is not favorable in practice.

Policy search is another approach to model-free RL that can overcome the limitations of policy
iteration [18, 4, 7]. In the policy search approach, control policies are directly learned so that the
return is maximized, for example, via a gradient method (called the REINFORCE method) [18], an
EM algorithm [4], and a natural gradient method [7]. Among them, the gradient-based method is
particularly useful in physical control tasks since policies are changed gradually. This ensures the
stability of the physical system.

However, since the REINFORCE method tends to have a large variance in the estimation of the
gradient directions, its naive implementation converges slowly [9, 10, 12]. Subtraction of the optimal
baseline [16, 5] can ease this problem to some extent, but the variance of gradient estimates is
still large. Furthermore, the performance heavily depends on the choice of an initial policy, and
appropriate initialization is not straightforward in practice.



To cope with this problem, a novel policy gradient method called policy gradients with parameter-
based exploration (PGPE) was proposed recently [12]. In PGPE, an initial policy is drawn from
a prior probability distribution, and then actions are chosen deterministically. This construction
contributes to mitigating the problem of initial policy choice and stabilizing gradient estimates.
Moreover, by subtracting a moving-average baseline, the variance of gradient estimates can be fur-
ther reduced. Through robot-control experiments, PGPE was demonstrated to achieve more stable
performance than existing policy-gradient methods.

The goal of this paper is to theoretically support the usefulness of PGPE, and to further improve its
performance. More specifically, we first give bounds of the gradient estimates of the REINFORCE
and PGPE methods. Our theoretical analysis shows that gradient estimates for PGPE have smaller
variance than those for REINFORCE under a mild condition. We then show that the moving-average
baseline for PGPE adopted in the original paper [12] has excess variance; we give the optimal
baseline for PGPE that minimizes the variance, following the line of [16, 5]. We further theoretically
show that PGPE with the optimal baseline is more preferable than REINFORCE with the optimal
baseline in terms of the variance of gradient estimates. Finally, the usefulness of the improved PGPE
method is demonstrated through experiments.

2 Policy Gradients for Reinforcement Learning

In this section, we review policy gradient methods.

2.1 Problem Formulation

Let us consider a Markov decision problem specified by (S, A, Pr, Pr,r,7), where S is a set of
¢-dimensional continuous states, A is a set of continuous actions, Pr(s’|s, a) is the transition prob-
ability density from current state s to next state s’ when action a is taken, P;(s) is the probability
of initial states, r(s,a, s’) is an immediate reward for transition from s to s’ by taking action a,
and 0 < ~ < 1 is the discount factor for future rewards. Let p(a|s, @) be a stochastic policy with
parameter 8, which represents the conditional probability density of taking action « in state s.

Let h = [s1,a1,...,8T,ar] be a trajectory of length T. Then the return (i.e., the discounted sum
of future rewards) along h is given by

R(h) = 23;1 Ve (se, ar, S141)-

The expected return for parameter 6 is defined by

J(8) := [p(h|@)R(h)dh, where p(h|0) = p(s1) Hthl p(St41]8t, ar)plat|se, 0).

The goal of reinforcement learning is to find the optimal policy parameter 8* that maximizes the
expected return .J(0):
0" := argmax J(0).

2.2 Review of the REINFORCE Algorithm

In the REINFORCE algorithm [18], the policy parameter 0 is updated via gradient ascent:
0 — 0+cVeJ(0),
where ¢ is a small positive constant. The gradient V¢J(0) is given by
VoJ(0) = [ Vop(h|0)R(h)dh = [ p(h|0)Vg¢log p(h|@)R(h)dh
= [ p(h|6) 31_, Ve log p(ar|s:, 8) R(h)dh,

where we used the so-called ‘log trick’: Vgp(h|0) = p(h|@)Velogp(h|@). Since p(h|0) is un-
known, the expectation is approximated by the empirical average:

~

Vo (0) = & SN ST Velogp(ap|sy, 0)R(h™),

where h” := [s},a?, ..., s%, a’}] is a roll-out sample.



Let us employ the Gaussian policy model with parameter @ = (i, o), where p is the mean vector
and o is the standard deviation:

a— TS 2
plals,0) = —=exp (—7( — ) :

Then the policy gradients are explicitly given as

_ (a—ps)’—0”

o3

a—p's
o2

Vi logp(als, 8) = s and V,logp(als,8)

A drawback of REINFORCE is that the variance of the above policy gradients is large [10, 11],
which leads to slow convergence.

2.3 Review of the PGPE Algorithm

One of the reasons for large variance of policy gradients in the REINFORCE algorithm is that the
empirical average is taken at each time step, which is caused by stochasticity of policies.

In order to mitigate this problem, another method called policy gradients with parameter-based
exploration (PGPE) was proposed recently [11]. In PGPE, a linear deterministic policy,

n(als,0) = 0's,

is adopted, and stochasticity is introduced by considering a prior distribution over policy parameter
0 with hyper-parameter p: p(6|p). Since entire history h is solely determined by a single sample of
parameter 0 in this formulation, it is expected that the variance of gradient estimates can be reduced.

The expected return for hyper-parameter p is expressed as

T(p) = [[ p(hIO)p(6]p) R(h)dde.

Differentiating this with respect to p, we have

V,J(p) = [[ (h|6)V ,p(6]p) R(h)dhd6 = [f p(h|0)p(8]p)V , log p(6]p) R(h)dAdo,

where the log trick for V ,p(0]p) is used. We then approximate the expectation over h and 6 by the
empirical average:

Vol (p) = 3 Xnly Vo logp(6"|p)R(R™),
where each trajectory sample h” is drawn from p(h|@™) and the parameter 8" is drawn from
p(0"|p).

Let us employ the Gaussian prior distribution with hyper-parameter p = (1), 7) to draw parameter
vector @, where m is the mean vector and 7 is the vector consisting of the standard deviation in each

element: 2
p(0ilpi) = Ti\])ﬁ exp (7%) '

Then the derivative of log p(8|p) with respect to 7; and 7; are given as follows:

s 0i —ni)* — 17
V.. logp(0|p) = 6T7277 and Vi, logp(0|p) = %

i T;

3 Variance of Gradient Estimates
In this section, we theoretically investigate the variance of gradient estimates in REINFORCE and
PGPE.

For multi-dimensional state space, we consider the trace of the covariance matrix of gradient vectors.
That is, for a random vector A = (Ay,..., A;)", we define

Var(4) = tr (E[(A — E[A])(A ~ E[A))]) = X0, E[(4n — Bl4.)2], ()

m=1

where [E denotes the expectation. Let B = Ze T2

i—1T: > where ¢ is the dimensionality of state s.

Below, we consider a subset of the following assumptions:



Assumption (A): r(s,a,s’) € [-3, 0] for 8 > 0.
Assumption (B): r(s,a,s’) € [a, 8] for 0 < a < S.

Assumption (C): For § > 0, there exist two series {c;};_; and {d;}{_, such that ||s;||2 > ¢; and
l|s¢]|2 < d; hold with probability at least (1—4)'/2" respectively over the choice of sample
paths, where || - ||2 denotes the ¢5-norm.

Note that Assumption (B) is stronger than Assumption (A). Let

L(T) = Cra® — DrB?/(2n), Cr=31_ ¢, and Dr=Y3_ d2

First, we analyze the variance of gradient estimates in PGPE (the proofs of all the theorems are
provided in the supplementary material):

Theorem 1. Under Assumption (A), we have the following upper bounds:

~ 209 _ T2 ~ 201 _ T2
Var |V, J(p)| < S0FE and Var |V,J(p)] < 02T,

This theorem means that the upper bound of the variance of V, J (p) is proportional to 32 (the upper
bound of squared rewards), B (the trace of the inverse Gaussian covariance), and (1—~7)2/(1—~)2,

and is inverse-proportional to sample size N. The upper bound of the variance of V. J(p) is twice
larger than that of V,,J(p). When 7" goes to infinity, (1 —~7)? will converge to 1.

Next, we analyze the variance of gradient estimates in REINFORCE:

Theorem 2. Under Assumptions (B) and (C), we have the following lower bound with probability
at least 1 — §:
~ T2
Var {v,“](a)} > (U (7).

Under Assumptions (A) and (C), we have the following upper bound with probability at least (1 —
5)1/2:

~ 204 T2
Var [VMJ(O)} < Drf v

Under Assumption (A), we have

~ 204 T2
Var [V, J(0)] < 00

The upper bounds for REINFORCE are similar to those for PGPE, but they are monotone increasing

with respect to trajectory length T'. The lower bound for the variance of V“j (8) will be non-trivial
if it is positive, i.e., £(T) > 0. This can be fulfilled, e.g., if « and 3 satisfy 2rCra? > DrB2.

Deriving a lower bound of the variance of V,.J(0) is left open as future work.

Finally, we compare the variance of gradient estimates in REINFORCE and PGPE:

Theorem 3. In addition to Assumptions (B) and (C), we assume L(T) is positive and mono-
tone increasing with respect to T. If there exists Ty such that L(Ty) > (*Bo?, then we have

~ ~

Var(V,J(0)] > Var[V, J(p)] for all T > Ty, with probability at least 1 — 6.
The above theorem means that PGPE is more favorable than REINFORCE in terms of the variance

of gradient estimates of the mean, if trajectory length 7' is large. This theoretical result would
partially support the experimental success of the PGPE method [12].

4 Variance Reduction by Subtracting Baseline

In this section, we give a method to reduce the variance of gradient estimates in PGPE and analyze
its theoretical properties.



4.1 Basic Idea of Introducing Baseline

It is known that the variance of gradient estimates can be reduced by subtracting a baseline b: for
REINFORCE and PGPE, modified gradient estimates are given by

Vol%(8) = L SN (R(h™) — b) Y1, Vg logp(ay|sy, 8),
Vplb(p) = & SN (R(h™) — b)Y, log p(87|p).

The adaptive reinforcement baseline [18] was derived as the exponential moving average of the past
experience:

b(n) = yR(h"™) + (1 = y)b(n — 1),
where 0 < v < 1. Based on this, an empirical gradient estimate with the moving-average baseline
was proposed for REINFORCE [18] and PGPE [12].

The above moving-average baseline contributes to reducing the variance of gradient estimates. How-
ever, it was shown [5, 16] that the moving-average baseline is not optimal; the optimal baseline is,
by definition, given as the minimizer of the variance of gradient estimates with respect to a baseline.
Following this formulation, the optimal baseline for REINFORCE is given as follows [10]:
* — : 75 _ E[RMII 3T, Ve logp(atls:,0)||]
bhemrorc = argmin, Var[VeJM(0)] = =5t o o)

However, only the moving-average baseline was introduced to PGPE so far [12], which is subopti-
mal. Below, we derive the optimal baseline for PGPE, and study its theoretical properties.

4.2 Optimal Baseline for PGPE

Let bppy, be the optimal baseline for PGPE that minimizes the variance:

bpapp 1= arg miny Var[ijb(p)].
Then the following theorem gives the optimal baseline for PGPE:
Theorem 4. The optimal baseline for PGPE is given by

b _ E[R(W)[|V,logp(8lp)|”]
PGPE E[l[Vp logp(6]p)[I7] *

and the excess variance for a baseline b is given by
Var[V,J"(p)] - Var[V, J'crs (p)] = C=Ligee B[V, log p(6]p) ).

The above theorem gives an analytic-form expression of the optimal baseline for PGPE. When ex-
pected return R(h) and the squared norm of characteristic eligibility ||V, log p(6|p)||? are indepen-
dent of each other, the optimal baseline is reduced to average expected return E[R(h)]. However,
the optimal baseline is generally different from the average expected return. The above theorem also
shows that the excess variance is proportional to the squared difference of baselines (b — bjqpg)?
and the expected squared norm of characteristic eligibility E[||V, logp(0|p)||?], and is inverse-
proportional to sample size N.

Next, we analyze the contribution of the optimal baseline to the variance with respect to mean
parameter 1 in PGPE:
Theorem 5. Ifr(s,a,s’) > a > 0, we have the following lower bound:
~ . a2(1—~T)2B
Var[VyJ(p)] = Var[V,Jers(p)] > Syt
Under Assumption (A), we have the following upper bound:

Var[vn:]\(p)} — Var[vnﬁ;’GPE (p)] < W

This theorem shows that the lower and upper bounds of the excess variance are proportional to o2
and /32 (the bounds of squared immediate rewards), B (the trace of the inverse Gaussian covariance),
and (1 —v7)2/(1 — v)?, and are inverse-proportional to sample size N. When T' goes to infinity,
(1 —+T)? will converge to 1.



4.3 Comparison with REINFORCE

Next, we analyze the contribution of the optimal baseline for REINFORCE, and compare it with that
for PGPE. It was shown [5, 16] that the excess variance for a baseline b in REINFORCE is given by

* _px 2
Var[vgﬁ(a)] — Var[vgﬂREINFORCE (0)] = %E |:HZ;T_1 Vo logp(at|st, 9)” :| .

Based on this, we have the following theorem:
Theorem 6. Under Assumptions (B) and (C), we have the following bounds with probability at least
1-4:

Cralir’)’ < Var[V, J(0)] - Var[V,, Jliearoncs (8)] < S D

The above theorem shows that the lower and upper bounds of the excess variance are monotone
increasing with respect to trajectory length 7.

In the aspect of the amount of reduction in the variance of gradient estimates, Theorem 5 and Theo-
rem 6 show that the optimal baseline for REINFORCE contributes more than that for PGPE.

Finally, based on Theorem 1 and Theorem 5 and based on Theorem 2 and Theorem 6, we have the
following theorem:

Theorem 7. Under Assumptions (B) and (C), we have

Var(V,, Jkers (p)] < U570 (82— 02) B,

Var[vu:]\b;(EINFORCE (0)} S%(BQDT — a2CT),

where the latter inequality holds with probability at least 1 — 6.

This theorem shows that the upper bound of the variance of gradient estimates for REINFORCE with
the optimal baseline is still monotone increasing with respect to trajectory length 7. On the other

hand, since (1 — ’yT)2 < 1, the above upper bound of the variance of gradient estimates in PGPE
- 2_,2 .
with the optimal baseline can be further upper-bounded as Var[V,,beGPE (p)] < H, which
is independent of T'. Thus, when trajectory length 7' is large, the variance of gradient estimates in
REINFORCE with the optimal baseline may be significantly larger than the variance of gradient

estimates in PGPE with the optimal baseline.

5 Experiments

In this section, we experimentally investigate the usefulness of the proposed method, PGPE with the
optimal baseline.

5.1 [Illustrative Data

Let the state space S be one-dimensional and continuous, and the initial state is randomly chosen
from the standard normal distribution. The action space A is also set to be one-dimensional and
continuous. The transition dynamics of the environment is set at s;+1 = s; + a; + €, where € ~
N(0,0.5%) is stochastic noise. The immediate reward is defined as r = exp (—s?/2 — a?/2) + 1,
which is bounded as 1 < r < 2. The discount factor is set at y = 0.9.

Here, we compare the following five methods: REINFORCE without any baselines, REINFORCE
with the optimal baseline (OB), PGPE without any baselines, PGPE with the moving-average base-
line (MB), and PGPE with the optimal baseline (OB). For fair comparison, all of these methods
use the same parameter setup: the mean and standard deviation of the Gaussian distribution is set
at y = —1.5 and o = 1, the number of episodic samples is set at N = 100, and the length of the
trajectory is set at 7' = 10 or 50. We then calculate the variance of gradient estimates over 100 runs.

Table 1 summarizes the results, showing that the variance of REINFORCE is overall larger than
PGPE. A notable difference between REINFORCE and PGPE is that the variance of REINFORCE



Table 1: Variance and bias of estimated gradients for the illustrative data.

T7=10 T =50

Method Variance Bias Variance Bias

14,77 0,7 111 0,7 ) 0,7 14577 0,7
REINFORCE 13.2570 | 26.9173 | -0.3102 | -1.5098 | 188.3860 | 278.3095 | -1.8126 | -5.1747

REINFORCE-OB| 0.0914 0.1203 0.0672 | 0.1286 0.5454 0.8996 -0.2988 | -0.2008

PGPE 0.9707 1.6855 | -0.0691 | 0.1319 1.6572 3.3720 -0.1048 | -0.3293
PGPE-MB 0.2127 0.3238 | 0.0828 | -0.1295 0.4123 0.8332 0.0925 | -0.2556
PGPE-OB 0.0372 0.0685 | -0.0164 | 0.0512 0.0850 0.1815 0.0480 | -0.0779
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Figure 1: Variance of gradient estimates with respect to the Figure 2: Return as functions of
mean parameter through policy-update iterations for the illus- the number of episodic samples
trative data. N for the illustrative data.

significantly grows as 7" increases, whereas that of PGPE is not influenced that much by 7. This well
agrees with our theoretical analysis in Section 3. The results also show that the variance of PGPE-
OB (the proposed method) is much smaller than that of PGPE-MB. REINFORCE-OB contributes
highly to reducing the variance especially when 7 is large, which also well agrees with our theory.
However, PGPE-OB still provides much smaller variance than REINFORCE-OB.

We also investigate the bias of gradient estimates of each method. We regard gradients estimated
with N = 1000 as true gradients, and compute the bias of gradient estimates when N = 100. The
results are also included in Table 1, showing that introduction of baselines does not increase the bias;
rather, it tends to reduce the bias.

Next, we investigate the variance of gradient estimates when policy parameters are updated over it-
erations. In this experiment, we set N = 10 and T' = 20, and the variance is computed from 50 runs.
Policies are updated over 50 iterations. In order to evaluate the variance in a stable manner, we repeat
the above experiments 20 times with random choice of initial mean parameter  from [—3.0, —0.1],
and investigate the average variance of gradient estimates with respect to mean parameter p over 20
trials, in log,-scale.

The results are summarized in Figure 1. Figure 1(a) compares the variance of REINFORCE
with/without baselines, whereas Figure 1(b) compares the variance of PGPE with/without baselines.
These plots show that introduction of baselines contributes highly to the reduction of the variance
over iterations. Figure 1(c) compares the variance of REINFORCE and PGPE without baselines,
showing that PGPE provides much more stable gradient estimates than REINFORCE. Figure 1(d)
compares the variance of REINFORCE and PGPE with the optimal baselines, showing that gradi-
ent estimates obtained by PGPE-OB are much smaller than those by REINFORCE-OB. Overall, in
terms of the variance of gradient estimates, the proposed PGPE-OB compares favorably with other
methods.

Next, we evaluate returns obtained by each method. The trajectory length is fixed at 7' = 20, and
the maximum number of policy-update iterations is set at 50. We investigate average returns over 20
runs as functions of the number of episodic samples N. We have two experimental results for differ-
ent initial policies. Figure 2(a) shows the results when initial mean parameter x is chosen randomly



from [—1.6, —0.1], which tends to perform well. The graph shows that PGPE-OB performs the best,
especially when N < 5; then REINFORCE-OB follows with a small margin. PGPE-MB and plain
PGPE also work reasonably well, although they are slightly unstable due to larger variance. Plain
REINFORCE is highly unstable, which is caused by the huge variance of gradient estimates (see
Figure 1 again).

Figure 2(b) describes the results when initial mean parameter p is chosen randomly from
[—3.0, —0.1], which tends to result in poorer performance. In this setup, difference among the
compared methods is more significant than the case with good initial policies. Overall, plain REIN-
FORCE performs very poorly, and even REINFORCE-OB tends to be outperformed by the PGPE
methods. This means that REINFORCE is very sensitive to the choice of initial policies. Among
the PGPE methods, the proposed PGPE-OB works very well and converges quickly.

5.2 Cart-Pole Balancing

Finally, we evaluate the performance of our proposed method in a more complex task of cart-pole
balancing [3]. A pole is hanged to the roof of a cart, and the goal is to swing up the pole by moving
the cart properly and try to keep the pole at the top.

The state space S is two-dimensional and continuous, which consists of the angle ¢ € [0, 27] and
angular velocity ¢ € [—3m, 37| of the pole. The action space A is one-dimensional and continu-
ous, which corresponds to the force applied to the cart (note that we can not directly control the
pole, but only indirectly through moving the cart). We use the Gaussian policy model for REIN-
FORCE and linear policy model for PGPE, where state s is non-linearly transformed to a feature
space via a basis function vector. We use 20 Gaussian kernels with standard deviation o = 0.5
as the basis functions, where the kernel centers are distributed over the following grid points:
{0,7/2,m,3n/2} x {-3m,—37/2,0,37/2,3w}. The dynamics of the pole (i.e., the update rule
of the angle and the angular velocity) is given by

. . . 9.8si —awlp? sin(2 24« cos
Oip1 = @t + Pep1 At and Qpyq = Pp + sin(ee) Z;;i‘;i;ioiézét;m cos(erar Ay

where « = 1/W + w and a; is the action taken at time ¢. We set the problem parameters as: the
mass of the cart W = 8[kg], the mass of the pole w = 2[kg], and the length of the pole | = 0.5[m].
We set the time step At for the position and velocity updates at 0.01[s] and action selection at 0.1[s].
The reward function is defined as (s, as, St+1) = cos(p¢11). That is, the higher the pole is, the
more rewards we can obtain. The initial policy is chosen randomly, and the initial-state probability
density is set to be uniform. The agent collects N = 100 episodic samples with trajectory length
T = 40. The discount factor is set at v = 0.9.

We investigate average returns over 10 trials as the functions of policy-update iterations. The return
at each trial is computed over 100 test episodic samples (which are not used for policy learning).
The experimental results are plotted in Figure 3, showing that the improvement of both plain REIN-
FORCE and REINFORCE-OB tend to be slow, and all PGPE methods outperformed REINFORCE
methods overall. Among the PGPE methods, the proposed PGPE-OB converges faster than others.

6 Conclusion

In this paper, we analyzed and improved the stability of the policy
gradient method called PGPE (policy gradients with parameter-
based exploration). We theoretically showed that, under a mild
condition, PGPE provides more stable gradient estimates than
the classical REINFORCE method. We also derived the optimal
baseline for PGPE, and theoretically showed that PGPE with the
optimal baseline is more preferable than REINFORCE with the
optimal baseline in terms of the variance of gradient estimates.
Finally, we demonstrated the usefulness of PGPE with optimal
baseline through experiments. Figure 3: Performance of policy
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Appendix—Supplementary Materials

In the appendix, we give proofs of the theorems. First, we give some preliminaries.

If X ~ x?(k), then the non-central moments are given by

2nF(n +k/2) _

B =2 )

k(k+2)- - (k+2n—2),

where I'(z) is the Gamma function defined as

“+oo
T(z):= / t*~tetdt.
0

The Gamma function satisfies I'(z + 1) = 2I'(2), I'(1/2) = /7, and T'(1) = 1.

If X ~ N (1, 0?), central absolute moments (the moments of | X — p|) are given by

Eflz - pl’] = {Up(p —D1y/2/m, pisodd,

oP(p— 1N p is even,
where n!! denotes the double factorial defined by

n-(n—2)---5-3-1 nispositive odd,
nll:=<n-(n—2)---6-4-2 nis positive even,
1 n = 1or0.

A Proof of Theorem 1

For notational brevity, we denote the i-th component of f(68) = V,logp(@ | p) and the i-th
component of g(0) = V- logp(0 | p) as

i —ni
£:(8) =V, 10gp(8 | p) = =",

0i —mi)* — 77
6:(0) = V. logp(6 | p) = i) =7

T

Proof. According to Eq.(1), we have

0
Var[R(h) f(8)] < ZJE [(Rfi)?]

e 3 ? 0, —n;\>
:;/p(az) <th—1r(8t,at,8t+1)> ( ZT2 z) a0,

t=1 g

< g/p(&) (i'y“lﬁf <9i7__277i>2d9i

-3 froa (52 ()
-S A 5)]

Let v; = ((0; — n;)/7:)? fori = 1,...,£. We could know that ¥»; ~ x?(1) and E[¢;] = 1 since
0; ~ N (n;,7?), and thus

B*(1—~")B

Var[R(h)f(0)] < 11— )2

10



Hence the first part of Theorem 1 follows due to

Var [V, (p)] = %Var[R(h) £(0)).
Similarly,

L
Var[R(h)g(8)] < > E[(Ra:)?]

. N
BA1—9")? i —mi
<2 aa e B [(( ) ‘1> ] |
Let ¢; = ((6; —n;)/7:)* fori=1,... L. Since 0; ~ N (n;, 72), we could know that
E[(: —1)?] = E [¢] - 2E[ys] + 1 = 2.

Hence
268°(1-+")*B

Var{R(1)g(0)] < 53

Notice that R 1
Var [V,J(p)} =N Var[R(h)g(0)],

which completes the proof.

B Proof of Theorem 2

To begin with, we note that p is a vector and o is a scalar in REINFORCE. We denote the i-th

component of f(h) = Zthl V. logp(as | s¢,6) and the scalar function g(h) as

T T a [.I,TS
t— t
h) = va logp(at | s¢,0) = Z T2z to
t=1 t=1
T T — uT8y)? — o2
Zv logp at | sfa Z f )
t=1 t=1

where all functions above are parameterized by 6.
Proof. Since
~ 1
Var(V,,.J(0)] = - Var[R(h) £ (1),

Var(V,7(60)] = . Var[R(h)g(1)
we can just focus on the bounds of Var[R(h) f (k)] and Var[R(h)g(h)].

The upper bound of Var[R(h) f(h)]:

0
Var Z Rf i
=1
(R

B —~T)? T (ar— p's)(ap — plsy)

11

=E|R
2/ T/
T T
ay — S at —
/ ( T(St,at,8t+1)> (Z tUgtSt> (Z s
t=1 t=1



Let & = (a; — p's¢)/o fort = 1,...,T. Then, &,...,&r are independent standard normal
variables because of a; ~ N (u's;,0?). Since all V, log p(a; | s¢, ) in f(h) are parameterized by
the states s;, and the stochasticity of £ comes only from ay, it is sufficient to consider fixed states.
Given {st}le, &181, ..., &psy are £-dimensional independent normal variables with zero means,
that is, E[¢;s:] = 0. Hence,

. (ae — p's)(ay — psy) + S T
E Z B sisp || =E Z et/ 8y St/

g
t,t'=1 t,t/=1

T T
Z isi st] Z Elé:s:]"El¢ysy]
t=1 bt =1,

T

Z Isel”E [7] -

Since & ~ N(0, 1), we have €2 ~ x?(1) and E[¢2] = 1. Consequently,

Var[R(h) £(1)] < m Z Jol1°E [€7)

- 02 )2 Z”StHQ

< Dr2(1 —VT)z

with probability at least (1 — §)/2N.
The upper bound of Var[R(h)g(h)]:
Var[R(h)g(h)] < E [(Rg)?]

:/hp(h) nyt_lr(st,at,stﬂ)) (

t=1
B2(1 —~T)2 T ap — 'S, 2
R (2_: () -

Let & = (a; — p'sy)/o fort = 1,...,T. Then &, ..., & are independent standard normal
variables. Let k = Zthl £2. Then we have k ~ x*(T) and

E[(k—T)%] =E [*] — 2TE[x] + T = 2T.

[~
&
*
Q, gj
e
[
[V}
N——
oW
>

Hence
2T3%(1 = 77)?

Var[R(h)g(h)] < o%(1—7)2

The lower bound of Var[R(h)f(h)]: By the same technique used in the corresponding upper
bound, we can prove that with probability at least (1 — §)'/2,

L ) Cra2(1 —~T)2
IRICAY R

On the other hand, based on the existence of {d; }7_;, there must be {d; ;}7_, fori =1,...,¢, such
that d2 = 3¢, d? ; and the inequality |s; ;| < dy ; holds with probability at least (1 — §)*/2*. Let
&i = sgn(se)(ar — pu'sy)/ofort=1,... Tandi=1,..., ¢ Thenall & ; are independent stan-
= ZtT:l &t,idyi. Then k; ~ N(0, Zthl sfz)

dard normal variables. Let x; = ZtT:I &
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for fixed s1,4, ..., 87,4, G ~
ability at least (1 —4)/2N* over the choice of sy ;, . .

J ,» P(R)Rfidh > 0, with probability at least (1

J

_ 5)1/2NZ

p(h)Rfidh < / p(h)Rf;dh

{hlfi(h)>0}
B —AT)
1—7

_ M/
L= J{hsT €0ilses|>0}

_ +oo
75(1 ’YT)/ p(k:)kidk;

SRR
<;E a)

T 52
tldt

,’L

<

1

IE m[

1—7

N, d2,), and E[|r| | 514,

,s7.4] < E[|¢;]] holds with prob-

., $t,; according to the underlying p(h). When

/ p(h) fudh
{h|fi(R)>0}

ildh

T
p(h) Y &
=1

Kil | sl,i,---,sT,i]D

When [, p(h)Rfidh < 0, with probability at least (1 — §)'/2V¢,

T 2
1—4T) /2= 42
/p(h)Rfidhz—ﬁ( 7)Y I
h L=y V2
Therefore,
‘ ‘ 2
SOERA? =Y ( / p(h szdh)
i=1 i=1 \h
‘
<Z 2 Zt 1d?z
o2 27
i=1
T ¢
_ -
T 2m02(1 — )2 1— ZZ b
T
_ Py
T 2no2(1— )2 tz
_ Drp*(1-9")?
27r02(1— v)?2 7
with probability at least (1 — §)/2V.
Finally, with probability at least (1 — §)/V, we have
Var|R Z]E (Rf:)?] — (EB[Rf:])?
(1 —7")?
—=L(T). O
= oai )
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C Proof of Theorem 3

Proof. According to Theorem 1 and Theorem 2, we could know that if there exists T such that

1-7")° L pPA-+")’B

Nor( - = T

we could get
L(Ty) > f?Bo?.

Under our assumption that £(7T') > 0 and £(T) is monotonically increasing with respect to T, we
will have that whenever
3Ty, L(Ty) > B2 Bo?,

there must be

~ ~

VT > Ty, Var[V,J(0)] > Var[V,J(p)]. O

D Proof of Theorem 4
We denote f(6) and its i-th component f;(0) as

.
£(0) = (Vylogp(@|p)',V-logp®|p)) =V,logp(®|p),
£:(0) = (Vy, logp(6 | p), V+, logp(6 | p))’ = V,, logp(0 | p).
Note that we still have

Var [v,,jb(p)} — Var [vnfb(p)] + Var [vfﬂ(p)}
= Varl(R(R) = D)V, logp(8 | p)) + ; Varl(R(k) — )V log (@ | p)

= - Var[(R(h) ~ D)f(O)]
Proof. According to Eq.(1), we have

Var[(R(h) = b)£(0)] = } E[(R—b)*f] fi] — (E[(R - b)f:))"(E[(R - b)f:])

-

i=1

E[R*f] fi] - 2E[Rbf] fi] + E[b* £} £i]

|
.MN

Il
_

— (E[Rfi] — E[bf]) (E[Rfi] — E[bfi]).

Noticing that
Ejbfi] = / p(6; | i)V 5, log p(6; | pi)dt;
= /bvpip(@ | pi)dd;

=bV,, [ p(0;| pi)db;
=0bVy,1
=b(V,,1,V,1)"
= (0,0)",

we have

Var[(R(h) —b) f(0)] = E[R*f' f] — 2E[Rbf" f] + E[b*f' f] - E[Rf]'E[Rf].

14



The optimal baseline is obtained by minimizing the variance, so that differentiating it with respect
to b and setting the result to zero will give us the optimal baseline for PGPE:

E[Rf'f]

b;’GPE: E[fo] :

Subsequently,
Var|(R — b)f] — Var[(R — bpgpg) f]
= —2E[Rbf' f] + E[0° fT f] + 2E[Rbpeppf ' f] — ElbpapeSf ' f]

T T £1\ 2
— s A+ 507+ 2wy - (AL s
BT g ELRTTED?

= (b - bl*DGPE)2 E[fo];
which leads to
Var[V,J7(p)] — Var[V,J7rere(p)] = — Var[(R — b)f] — - Var[(R — bpepg) f]
_ (- bpapr)’ o T
E Proof of Theorem 5
We denote the i-th component of f(6) = V,, logp(0 | p) as

;i —ni
1:(8) = V,, 1ogp(@ | p) = =

%

Proof. By the same technique used in the proof of Theorem 4, we know, when the baseline b = 0,

(B[RS F)”

Var[V,,J(p)] — Var[V,J"ers (p)] = NEFT

On one hand,

¢

E[fTf] =Y E[f}]
i=1
¢ 2
0; — n;
-xe| (%]

(9i - Th‘)Q]

Let v; = ((0; — n;)/7:)? fori = 1,...,£. We could know that ¥»; ~ x?(1) and E[¢;] = 1 since
0; ~ N (n;,7?), and thus




On the other hand, when E[RfT f] > 0, we have

_BA-")B
(1=v)
while E[Rf" f] < 0, we have
T _5(1 -")B
BIRSf) > -2
Hence,
(EIRFTF)” _ 820 —+")*B
Elftfl = (A=-7*
Similarly,

(E[RFTf])? _0*(1-47)%B
E[fTf] — (1-v?%

which completes the proof.

F Proof of Theorem 6
We denote f(h) = Zthl V. logp(as | s¢,0).

Proof. 1tis easy to prove that, when b = 0,

(E[Rf'f])

Var|V,,J(0)] — Var[V,J kenrorcr (9)] = NEF

From the proof of Theorem 2, we could have

1 T
BIfTf) = 5 > sl

t=1

On the other hand,

T - t—1 a - ' e a; — pu's,
]E[Rf f]:/hp(h) 27 T(Stvatast-&-l) ZTSt ZT& dh

t=1 t=1

B —~T) T (ar — pse)(ap — NTst’)STS )
§U2(1V)E[(Z o2 tt)]

Similarly,



Therefore,
(19" sl _ (EIRFTAD? _ B2 =9")2 S0 [sel?
o?(1—7)? - E[fTf] T o?(1-7)? ’
and subsequently, with probability at least (1 — § )1/ N we have
Cro®(1-9")* _ (B[RfTf])? _ B°(1—~")*Dr
o(1-7)? ElfTfl —  o*(1=9)?

From this, the theorem follows. O]

<

G Proof of Theorem 7

Proof. According to Theorem 5, we know
Var[V,,J'ers (p)] < Var [V, J(p)
According to Theorem 1, we have
= B2 -~")’B
Var [V, 7(p)] < ZU=1"P5,
ar |V,J(p)| < NI =)
Hence,

_ ATN2
VarlV, Thore (p)] < (5 — o) B

According to Theorem 6, we know that
* . 2 1— T\2
Var[V,, JPhenroncs ()] < Var [V,LJ(B)} - M

will hold with probability at least (1 — §)*/2. Furthermore, according to Theorem 2, we have the
following upper bound with probability at least (1 — §)*/2:

- DT52(1 _ ,YT)Q ‘

Var {Vuj(ﬂ)} S NoZ(I )2

Eventually, we arrive at the upper bound for REINFORCE with the optimal baseline:
: (1—~")?

Var|V :ﬂ’REINFORCE o< —-—r 7

ar[ 12 ( )] — NO'2(]_ _7)2

with probability at least 1 — 4. O

(DT62 - CTaz)a
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