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Abstract
A phenomenon often found in session-to-session transfers of Brain Computer
Interfaces (BCIs) is non-stationarity. It can be caused by fatigue and changing attention level of the user, diﬀering electrode placements, varying impedances, among
other reasons. Covariate shift adaptation is an eﬀective method which can adapt
to the testing sessions without the need for labeling the testing session data. The
method was applied on a BCI Competition III dataset. Results showed that covariate shift adaptation compares favorably with methods used in the BCI competition
in coping with non-stationarities. Speciﬁcally, bagging combined with covariate shift
helped to increase stability, when applied to the competition dataset. An online experiment also proved the eﬀectiveness of bagged covariate shift method. Thus, it
can be summarized that covariate shift adaptation is helpful to realize adaptive BCI
systems.
Keywords
brain-computer interface, covariate shift adaptation, bagging

Application of Covariate Shift Adaptation Techniques in Brain Computer Interfaces

1

2

Introduction

A Brain Computer Interface (BCI) is a novel augmentative tool which allows a user
to express his or her will without muscle exertion, provided that the brain signals are
translated properly. However, it may be diﬃcult to recognize the electroencephalography
(EEG) patterns under a ﬁxed algorithm because of high non-stationarity of the EEG
signals. The factors causing non-stationarity include changes in user attention level, user
fatigue, and small diﬀerences in electrode position [1]. One notable representation of nonstationarity is that EEG feature distributions change from one session to another, which
illustrates the non-stationary nature of the BCI signal and provides a rationale for the
design of an adaptive BCI system [2].
Moreover, a good BCI system should be bi-directional in communication with the
user. Besides providing visual/auditory feedback to a user, the system should be able to
adapt to the user, possibly with an adaptive translation algorithm. Several studies have
been conducted on adaptive BCI systems with positive results. Vidaurre et al. adopted
an online updated classiﬁer by adaptive estimation of the information matrix (ADIM) as
well as an adaptive LDA with Kalman ﬁltering [3, 4]. Blumberg et al. developed Adaptive
Linear Discriminant Analysis, updating mean values and covariances continuously in time
for diﬀerent motor imaginary tasks [5]. However, most of the adaptive methods are based
on supervised learning techniques (e.g., [1, 3, 4]), which need labeled test samples and are,
thus, costly. Covariate shift adaptation is a method which can overcome this shortcoming,
assuming that the input distributions of training and testing sessions are diﬀerent while
the conditional distribution of output given input remains unchanged [6]. Nevertheless,
the plain covariate shift adaptation technique is rather unstable due to large variances.
To cope with this problem, we propose a novel method which combines covariate shift
adaptation and bagging [7] [8]. Through applications on benchmark data, we demonstrate
the eﬀectiveness of the proposed approach.

2

Methods

In this section, we review baseline methods as well as our proposed approach.

2.1

Feature Extraction by CSP and the Baseline Classifier LDA

Common Spatial Patterns (CSP) is one of the most popular spatial ﬁlters of multi-channel
EEG-based BCI in recent years. In contrast to other spatial ﬁlters, CSP generates features ready to be fed into the classiﬁer. After band-pass ﬁltering the EEG signals in
the frequency range of interest, high or low signal variance reﬂects strong or attenuated
rhythmic activity, respectively [9]. When classifying EEG into two tasks, CSP maximizes
the variance of one class while minimizing the variance of the other and, thus, reﬂects
the task speciﬁc activation patterns. Some example of CSP applications can be found in
[9, 10, 11, 12].
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Linear Discriminant Analysis (LDA) is a popular classiﬁcation method in BCI application [13]. LDA can be realized by a linear least-squares method if the target labels {yi }N
i=1
corresponding to the feature vectors {xi }N
for
class
C
are
set
to
be
−(N
+
N
)/N
and
1
1
2
1
i=1
the target labels of class C2 are set to (N1 + N2 )/N2 , where N1 and N2 are numbers of
samples of classes C1 and C2 , respectively. More speciﬁcally, for a linear model
fˆ(x; θ) = θ0 +

d
∑

θi x(i) ,

i=1

where x(i) is the ith element of an d-dimensional feature vector x, the parameters θ are
learned by the least-squares method:
min
θ

N (
∑

)2
yi − fˆ(xi ; θ) .

i=1

The least-squares solution is given as
θ̂LDA = (X T X)−1 X T y,
where




X≡


1 xT1
1 xT2
.. ..
. .
1 xTN




,


y = (y1 , y2 , ..., yN ), and X T denotes the transpose of X.

2.2

Covariate Shift Adaptation by IWLDA

Covariate shift is deﬁned as the situation where the training input points and test input
points follow diﬀerent distributions while the conditional distribution of output values
given input points is unchanged [6]. A prime example of covariate shift in EEG-based
BCIs occurs when, given diﬀerent experimental sessions of the same imaginary tasks,
event-related synchronization/desynchronization cortical distributions remain unchanged,
but the means and variances shift in the feature distribution for each task.
Under covariate shift, ordinary Linear Discriminant Analysis (LDA) is not consistent
[14, 6], i.e., even when inﬁnitely many training samples are provided, one cannot obtain the
optimal solution. To cope with this problem, Importance Weighted Linear Discriminant
Analysis (IWLDA) was proposed [15, 6].
IWLDA is an extension of LDA based on the concept of importance sampling. The
importance is deﬁned as the ratio of test and training input densities:
w(x) =

pte (x)
.
ptr (x)

Application of Covariate Shift Adaptation Techniques in Brain Computer Interfaces

4

After the introduction of the importance and a regularizer, the parameters are learned as
min
θ

N
∑

(

)2
ˆ
w(xi ) yi − f (xi ; θ) + λ∥θ∥2 ,

i=1

where λ (≥ 0) is the regularization parameter. The IWLDA solution is given by
θ̂IW LDA = (X T DX + λI)−1 X T Dy,
where D is the diagonal matrix with the i-th diagonal element Di,i = w(xi ) and I is the
identity matrix. IWLDA is proved to be consistent even in the presence of covariate shift.

2.3

Model Selection by IWCV

The IWLDA method contains a regularization parameter λ and this needs to be chosen appropriately for obtaining better performance. To this end, cross-validation is commonly
used, which is known to be an unbiased estimator of the generalization error. However, ordinary cross-validation is no longer unbiased in the presence of covariate shift;
importance-weighted cross validation (IWCV) is instead unbiased under covariate shift
[6].
More speciﬁcally, we ﬁrst divide the training samples {zi | zi = (xi , yi )}N
i=1 into k
k
disjoint subsets {Zr }r=1 (we use k = 5 in the experiments). Then the parameter θ̂r is
obtained using {Zj }j̸=r (i.e., without Zr ) by IWLDA and its mean test error for the
remaining samples Zr is computed:
(
)
∑
1
w(x)loss fˆ(x; θ̂r ), y ,
|Zr |
(x,y)∈Zr

where
{
loss (b
y , y) =

− sign)
(b
y − y)2
1
(1
2

Classiﬁcation
Regression

We repeat this procedure for r = 1, 2, . . . , k and choose the regularization parameter
λ so that the average of the above mean test error over all r is minimized.

2.4

Direct Importance Estimation by KLIEP or uLSIF

For computing the IWLDA solution and performing model selection by IWCV, the values
of the importance are required, which are usually unknown. A naive approach to importance estimation would be to ﬁrst estimate the training and testing densities separately
ntr
te nte
from training input samples {xtr
i }i=1 and testing input samples {xj }=1 , then estimate
the importance by taking the ratio of the estimated densities. However, density estimation is known to be a diﬃcult problem, particularly in high-dimensional cases. Therefore,
this naive approach may not be eﬀective; directly estimating the importance without
estimating the densities would be more promising [15].
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KLIEP

KLIEP (Kullback-Leibler Importance Estimation Procedure) is a method to estimate the
importance directly. First, the importance is modeled as
(
)
b
∑
∥x − cl ∥2
ŵ(x) =
αl exp −
,
2
2σ
l=1
where {αl }bl=1 are coeﬃcients to be learned (αl ≥ 0 for l = 1, 2, . . . , b), {cl }bl=1 are chosen
nte
randomly from {xte
j }=1 , and the number of parameters is set to b = min(100, nte ) in the
experiments. The kernel width σ can be optimized by cross validation (see [15]).
Using the above importance model, we can obtain an estimate of the test input density
as
p̂te (x) = ŵ(x)ptr (x).
Based on this expression, {αl }bl=1 are determined so that the Kullback-Leibler divergence
from pte (x) to p̂te (x) is minimized.
∫
pte (x)
KL[pte (x)||p̂te (x)] =
pte (x) log
dx
ŵ(x)ptr (x)
D
∫
∫
pte (x)
=
pte (x) log
dx −
pte (x) log ŵ(x)dx.
ptr (x)
D
D
Based on this, the optimization criterion of KLIEP is given as follows (see [15] for details):
[ b
]
(
nte
2)
∑
∑
∥xte
−
c
∥
l
j
αl exp −
log
max
2
b
2σ
{αl }l=1
j=1
l=1
subject to

ntr ∑
b
∑
i=1 l=1

2.4.2

(
)
2
∥xtr
i − cl ∥
αl exp −
= ntr and α1 , α2 , . . . , αb ≥ 0.
2σ 2

uLSIF

uLSIF (unconstrained Least-Squares Importance Fitting) [16] also estimates the importance directly. The modeling of the importance is the same as Equation (1), but the
parameters are determined by minimizing the squared error:
)2
∫ (
pte (x)
1
ŵ(x) −
ptr (x)dx
J0 (α) =
2
ptr (x)
∫
∫
1
2
=
ŵ(x) ptr (x)dx − ŵ(x)pte (x)dx + C,
2
∫
where C = 21 w(x)pte (x)dx is a constant and thus can be ignored. As presented in detail
in [16], the solution of uLSIF is given by
α̂ = max(0b , (Ĥ + λI)−1 ĥ),
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where
Ĥl,l′
ĥl

2.5

(
)
(
)
ntr
2
2
∥xtr
1 ∑
∥xtr
i − cl ′ ∥
i − cl ∥
=
exp −
exp −
,
ntr i=1
2σ 2
2σ 2
(
)
nte
2
1 ∑
∥xte
i − cl ∥
=
exp −
.
nte j=1
2σ 2

Bagged IWLDA

IWLDA combined with KLIEP or uLSIF is shown to perform well under covariate shift.
However, a weakness of this approach is that IWLDA can still produce a large-variance
estimator, causing instability.
To ease this problem, we propose Bagged Importance Weighted Linear Discriminant
Analysis (BIWLDA) which combines bagging (short for ”Bootstrap aggregating”) [7] [18]
and IWLDA (with λ chosen by IWCV) to improve the stability of classiﬁers.
Bagging is the parallel approach to ensemble construction, which combines independently constructed accurate and diverse base learners [17]. The idea behind bagging is
that averaging the predictions will lead to the improvement of classiﬁcation accuracy,
particularly variance reduction. Since plain covariate-shift adaptation methods tend to
produce high-variance estimators, combining them with bagging would be promising.
More speciﬁcally, the proposed BIWLDA procedure is summarized as follows:
1. Randomly take M trials out of the whole N -sized training set, with M = 0.8N ;
2. Train IWLDA (with λ chosen by IWCV) on the re-sampled training set;
3. Repeat 1) and 2) for 30 times;
4. Average the 30 predictors.
The classiﬁers realized with KLIEP with and without bagging are named BIWLDA1
and IWLDA1 respectively, while the classiﬁers realized with uLSIF with and without
bagging are named BIWLDA2 and IWLDA2 respectively.

3

Experiments on BCI Competition III Dataset IVc

In this section, we show the experimental results on BCI Competition III Dataset IVc.

3.1

Dataset

Dataset IVc [19] in BCI competition III was recorded from one healthy subject. Visual
cues of 3.5 seconds indicated which of the following 3 motor imageries the subject should
perform: left hand, right foot and tongue. For training, 210 trials were provided with
labels of left hand respectively right hand. 420 test trials were recorded 4 hours after
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Figure 1: Diﬀerent feature distributions between training and testing sessions in BCI
Competition III Dataset IVc.
the training sessions. The testing sessions were similar to the training sessions, but the
motor imagery had to be performed for 1 second only, compared to the 3.5 seconds in
the training sessions. The other diﬀerence was that the class tongue was replaced by the
class relax.
118 EEG channels were measured at positions of the extended international 10-20
system. Signals were band-pass ﬁltered from 0.05 to 200 Hz and then digitized at 1000
Hz with 16 bit accuracy. The data downsampled to 100 Hz was used for analysis.
Since left hand and right foot imagery tasks were both included in the training and
testing sessions, and these two sessions had a long time interval in between, checking
these two classes would reveal whether there is a diﬀerent feature distribution between
two sessions.

3.2

Investigation of Feature Distributions and Improved Algorithms

It has been shown in many previous studies that ﬁltering must precede CSP in order to
make CSP optimal for the separation of two classes. After plotting and observing the
power spectrum, we decided to apply only bandpass-ﬁltering, from 12 to 14 Hz, though
the competition winner considered a broader bandpass-ﬁltering [18]. Also the competition
winner claimed the optimal dimension of CSP was three, and this result was veriﬁed by
us.
By plotting the features extracted by CSP for left hand and right foot imaginary
movements (see Figure 1), it can be seen that a diﬀerent feature distribution did occur
and that there was a need to shift the classiﬁcation boundary. Note that, for ease in
visualization, only two dimensions of calculated features, which correspond to the two
most important CSP ﬁlters from the training set, were drawn. Figure 2 shows the full
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Figure 2: (a) Flowchart of the ﬁrst winner; (b) Flowchart of the covariate shift methods.
Table 1: Testing results of LDA, IWLDA, BLDA and BIWLDA.
Method
MSE (mean)
MSE(std)

LDA
0.246
0

IWLDA1
0.1726
0.0563

IWLDA2
0.1183
0.0014

BLDA
0.519
0.6023

BIWLDA1
0.0994
0.0142

BIWLDA2
0.1165
0.0346

(a) MSEs by LDA (baseline), IWLDA, BLDA and BIWLDA.
Method
Accuracy (mean)
Accuracy (std)

LDA
0.8429
1.17E-16

IWLDA1
0.9336
0.035

IWLDA2
0.9539
0.0011

BLDA
0.8115
0.1322

BIWLDA1
0.965
0.0098

BIWLDA2
0.9546
0.0343

(b) Accuracy by LDA (baseline), IWLDA, BLDA and BIWLDA.

two task classiﬁcation process of the ﬁrst winner as well as our algorithm. The main
diﬀerence lies in the replacement of LDA by IWLDA or BIWLDA.

3.3

Results

Table 1 shows the testing results of all methods with the same data preprocessing. The
means and standard deviations were based on ten iterations of testing. From Table 2(a),
it can be seen that the covariate shift adaptation methods worked very well. Among them,
BIWLDA1 proved to be much more stable than IWLDA1, while IWLDA2 and BIWLDA2
were comparable to each other. However, in real application, normalization of the outputs
is impossible. Furthermore, as an additional evaluation criterion, classiﬁcation accuracy
was also calculated, as shown in Table 2(b).
It may be not appropriate for us to claim that our methods worked better than the
method of competition winner, since this dataset contained three classes, and our methods
only worked better in separating two of them. However, we think our method solved the
non-stationarity problem caused by session-to-session transfer more eﬃciently, which can
be revealed from the accuracy listed in table 2(b).
When estimating the importance, parameter b was established as min(100, nte ) (see
section 2.4.1), where nte is the number of testing trials. 100 trials were randomly chosen
from the testing set in cases where nte was greater than 100. To determine the eﬀects
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Figure 3: The ﬁrst 40, 80,..., 280 trials were taken into importance estimation, with
IWLDA1, IWLDA2, BIWLDA1 and BIWLDA2.
brought on by nte , we tested with the ﬁrst 40, 80,..., 240 and all 280 trials (with training
set unchanged), which may be seen as a pseudo-online importance estimation scenario.
The testing was repeated 10 times with four covariate shift methods, and the averaged
accuracy was plotted in Figure 3. It can be concluded that BIWLDA1 is the most stable
method for diﬀerent numbers of testing trials taken for importance estimation.

3.4

Online application of bagged covariate shift method

From its application on the benchmark dataset, it is not diﬃcult to see that BIWLDA1
performed well in terms of both accuracy and stability. Moreover, we wished to test
its eﬀectiveness in real online applications and, thus, performed an online experiment
on three healthy female subjects (age 38, 23, 30). For the experiment, we used a G.tec
USBamp system controlled with the software BCI2000 [20]. EEG was recorded using 10
or 15 electrodes positioned at locations F C3 , F C1 , F Cz , F C2 , F C4 , C3 , C1 , Cz , C2 , C4 ,
CP3 , CP1 , CPz , CP2 , and CP4 of the international 10-20 system. For subject 3 the former
10 channels were installed. Data was sampled at 256 Hz and the feedback was updated
every 1 second. Pre-feedback of each trial was set as 2 seconds and the feedback time
length was decided as 3 seconds.
For the online experiment, a ball was displayed traveling at a constant speed from the
left to the right of a screen. Vertical position (distance from the midline of the screen) of
the ball served as feedback, changing according to the classiﬁcation output of the previous
second. Subjects were asked to imagine moving their left hand or both hands and both
feet to direct the ball downwards and upwards, respectively, and position it to hit a target
bar at the right of the screen.
The experiment was carried out in two parts, separated by one or two days. In the
ﬁrst part, the subjects were trained to gain familiarity with both oﬄine and online experiments, obtaining trial accuracies above 80%. The algorithm was two most discriminative
features casted by CSP and classiﬁed with LDA. In the second part, only online experi-
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Table 2: Mutual information estimated before and after BIWLDA1 updated

subject 2
subject 3

Session before BIWLDA1 Sessions after BIWLDA1
MI(old) MI(updated) MI(old) MI(updated)
0.3052
0.3527
0.3452
0.3660
0.1005
0.1679
0.1511
0.1789

ments were conducted, and the subjects were given a few minutes to practice before the
experiment started. After the ﬁrst session, BIWLDA1 was run to adjust the LDA coefﬁcients according to the session transfer from the best performed online session recorded
on the previous day. After running BIWLDA1, another two sessions of experiments were
continued. Each online session consisted of 43 trials, and when running BIWLDA1, three
1 second (namely second 2, 3, 4 in one trial) non-overlapped windows were cut from each
trial which means 129 one-second samples were obtained.
The trial accuracy was improved from 72.09% to 80.23% (subject 2) , and from 66%
to 78% (subject 3) after adjustment of LDA coeﬃcients. Results of only two subjects are
presented here because subject 1 reached the same trial accuracy as the previous day at
83%, showing no sign of non-stationarities. In order to verify that these improvements
were not due to the learning process itself, we applied the coeﬃcients before and after
BIWLDA1 adjustment to all the online sessions, analyzing the mutual information [21]
between the targets and the outputs of online data (still 129 samples per session). Using
mutual information as the evaluation criteria is natural because it takes not only the
sign of the output into account but also the amplitude, which, in turn, is used to set the
distance between the ball and vertical midline of the screen.
From Table 2, it can be concluded that these improvements cannot be attributed to
the learning process because in sessions either before or after the BIWLDA1 adjustment,
the updated coeﬃcients generated higher mutual information and with values that are
quite similar. Note in Table 2 that because the session before BIWLDA1 used old coeﬃcients, the numbers of MI(old) are written in bold, as is MI(updated) in the session after
BIWLDA1 adjustment.
Figure 4 gives a more direct description about the session-to-session transfer of feature distribution with subject 2. In it the training tasks meant the tasks from the best
performed session on the previous day; the testing tasks referred to those performed in
the ﬁrst on-line session on the following day, which were classiﬁed more accurately after
an adjustment. Although the session-to-session transfer phenomenon was not particularly
obvious with subject 3 as ﬁgure 5(a) shows, an adjustment resulted in an increase of accuracy shown in ﬁgure 5(b). Adjusting the classiﬁer may also help the subject get inspired
with more controllable status, because the online experiment always involves intricate
interaction between feedback and the subject.
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Figure 4: Session to session transfer phenomenon in subject 2 and classiﬁcation boundary
updating

4

Discussions and Conclusions

In order to test the eﬀectiveness of covariate shift adaptation schemes on a BCI, six
classiﬁers, namely LDA, IWLDA1 and IWLDA2, BLDA, BIWLDA1 and BIWLDA2,
were applied to Dataset IVc of the BCI Competition III. From the results, we arrive at
the following conclusions.
Lacking detailed descriptions regarding the experimental protocol of the two sessions in
this dataset, we theorize that the non-stationarity originated from three aspects. First, if
electrodes were reinstalled between sessions, slight diﬀerences in electrode placement may
have caused shifts of the data in the feature space. If no reinstallation of electrodes was
performed, it is also possible that the electrode gel dried after four hours, causing varying
impedances. Second, the long breaks between runs may also have aﬀected performance.
Although in this dataset a good performance level was maintained, this is a normal
occurrence in BCI experiments. An example was given in [22], where one of the breaks
coincided with the end of a phase with good performance. Therefore, it is possible that,
upon resuming the experiment, the subject was unable to regain the control acquired
in the previous phase. Third, it may have been diﬃcult for the subjects to maintain an
adequate attention level due to fatigue or the learning process itself. Shenoy et al. [22] also
pointed out in their study that the non-stationarity was due to diﬀerent background EEG
activities brought on by the introduction of visual feedback during the online feedback
session. In our case, however, this cannot be considered to be a reason since the experiment
setup remained unchanged between sessions.
In [22], two possible ways of adaptation were also discussed, namely shifting and
rotating the boundary. The results of our study demonstrated that when there is a need
for shifting or rotation, covariate shift methods are eﬀective in adaptation.
Overall, covariate shift adaptation was shown to be eﬀective for improving the classiﬁcation accuracy when the feature distributions diﬀer from one session to another. Especially when combined with bagging, even a small number of testing trials will result in

Application of Covariate Shift Adaptation Techniques in Brain Computer Interfaces 12

−4.5

−5

training task 1
training task 2
testing task 1
testing task 2

−5.5

−6

−6.5

−7

−7.5

−8
−8

−7.5

−7

−6.5

−6

−5.5

−5

(a) feature distribution of subject 3, both sessions
−5

−5.5

testing task 1
testing task 2
old boundary
updated boundary

−6

−6.5

−7

−7.5
−7.5

−7

−6.5

−6

−5.5

−5

(b) Second session feature distribution of subject
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Figure 5: (a) Session to session transfer phenomenon in subject 3, and (b) for a clearer
view, the 2nd session (ﬁrst session on the following day) was plotted separately
an accurate importance estimation.
It would be promising to integrate the proposed algorithm into a BCI system, where
adaptation would be run at the beginning of every session. For this purpose, we designed
an online experiment and proved the eﬀectiveness of BIWLDA1.
LDA and quadratic discriminant analysis (QDA) are popular classiﬁcation techniques,
especially when adaptation is involved, due to their eﬀectiveness and simplicity. Examples
of adapted LDA/QDA applications can be found in [3, 4, 5].
Note that most of the existing adaptation studies focused on trial-to-trial adaptation
[3, 4, 5], while we investigated session-to-session adaptation. For subjects, who have little
experience with online experiments and may easily become frustrated with incorrect feedback results, the bagged-covariate shift method is helpful in reinforcing their conﬁdence
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by making slight adjustments to the settings of the previous day and, thus, avoiding the
diﬃculties of oﬄine training each time before an online experiment.
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