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ABSTRACT

Pseudo orthogonal bases are a certain type of frames proposed in the engineering ﬁeld, whose concept is equivalent
to a tight frame with frame bound 1 in the frame terminology. This paper shows that pseudo orthogonal bases
play an essential role in neural network learning. One of the most important issues in neural network learning is
“what training data provides the optimal generalization capability?”, which is referred to as active learning in the
neural network community. We derive a necessary and suﬃcient condition of training data to provide the optimal
generalization capability in the trigonometric polynomial space, where the concept of pseudo orthogonal bases is
essential. By utilizing useful properties of pseudo orthogonal bases, we clarify the mechanism of achieving the
optimal generalization.
Keywords: frame, pseudo orthogonal basis (POB), pseudo orthonormal basis (PONB), neural network, active
learning, generalization capability, trigonometric polynomial space.

1. INTRODUCTION
Pseudo orthogonal bases (POBs) are a certain type of frames. This paper shows that POBs play an essential role
when we work on active learning in neural networks (NNs).
The concept of frames was proposed by Duﬃn and Schaeﬀer1 in 1952 in terms of non harmonic Fourier series.
After a long period, Young’s book2 in 1980 again illuminated the concept of frames, also from the viewpoint of
non harmonic Fourier series. Then, the concept attracted a great deal of attention and it has been continually
gathering attention to the present time. In the engineering ﬁeld, Ogawa and Iijima 3,4 presented the concept of
POBs in 1973, independently of the Duﬃn and Schaeﬀer’s work. A POB is a tight frame with frame bound 1 in the
frame terminology. Ogawa5,6 extended POBs to pseudo biorthogonal bases (PBOBs) in 1978, and devoted himself to
showing their properties in detail.7,8 So far, PBOBs have been applied to many problems such as signal restoration,9
computerized tomography, 10 and NN learning.11 Especially in NN learning, PBOBs play a major role when we
discuss the optimal generalization capability and the robustness of NNs.
One of the most important issues in NN learning is “what training data provides the optimal generalization
capability?”, which is referred to as active learning in the NN community. Active learning has been extensively
studied in the ﬁelds of mathematical statistics,12,13 machine learning,14 and computational learning theory15 as well
as in the ﬁeld of neural networks.16,17 However, most of the studies do not directly aim for the optimal generalization.
In this paper, we give a new method of active learning which provides exactly the optimal generalization capability
in the trigonometric polynomial space, where the concept of POBs is crucial. By utilizing useful properties of POBs,
we clarify the mechanism of achieving the optimal generalization capability.

2. FORMULATION OF NN LEARNING
In this section, the NN learning problem is formulated from the functional analytic point of view (see Ref. 18,11).
Then, our learning criterion and model are described.
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Figure 1. A three-layer feedforward neural network.

2.1. NN Learning as an Inverse Problem
Let us consider a learning problem of a three-layer feedforward NN whose numbers of input and output units are L
and 1, respectively (see Fig. 1). The relationship between input x = (ξ1 , ξ2 , · · · , ξL ) and output of the network is
expressed by using a function f0 (x) of L variables. Therefore, the NN learning problem is equivalent to obtaining the
optimal approximation to a target function f from a set of M training examples made up of input signals xm ∈ RL
and corresponding output signals ym ∈ C:
{(xm , ym ) | ym = f(xm ) + nm }M
m=1 ,
where ym is degraded by zero-mean additive noise nm . Let n and y be M -dimensional vectors whose m-th elements
are nm and ym , respectively. y is called a sample value vector, and a space which y belongs to is called a sample
value space. In this paper, the target function f is assumed to belong to a reproducing kernel Hilbert space19 H. Let
D be the domain of f. The reproducing kernel is a bivariate function deﬁned on D × D which satisﬁes the following
conditions.
1. For any ﬁxed x in D, K(x, x ) is a function of x in H.
2. For any function f in H and for any x in D, it holds that
f(·), K(·, x ) = f(x ),
where ·, · denotes the inner product in H.
If a function ψm (x) is deﬁned as
ψm (x) = K(x, xm ),

(1)

then the value of f at a sample point xm is expressed as
f(xm ) = f, ψm .

(2)

For this reason, ψm is called a sampling function. Let A be an operator which maps f to an M -dimensional vector
whose m-th element is f(xm ). We call A a sampling operator. Then, the relationship between f and y can be
expressed as
y = Af + n.
(3)
Note that A is always a linear operator even when we are concerned with a non-linear function f. Indeed, A can be
expressed as
M



A=
em ⊗ ψm ,
m=1
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Figure 2. NN learning as an inverse problem.

where em is the m-th vector of the so-called standard basis in CM and (· ⊗ ·) stands for the Neumann-Schatten
product ∗ . Let f0 be a learning result. Then, the relationship between y and f0 is denoted as
f0 = Xy,

(4)

where X is called a learning operator. Consequently, the NN learning problem is reformulated as an inverse problem
of obtaining X which provides the best approximation f0 to f under a certain criterion (Fig. 2).

2.2. Learning Criterion and Model
As mentioned above, the function approximation is performed on the basis of a learning criterion. Our purpose of
learning in this paper is to minimize the generalization error of the learning result f0 , which is measured by
JG = En f0 − f2 .

(5)

JG = En f0 − f2 + En f0 − En f0 2 .

(6)

Equation (5) can be decomposed as follows:
Proposition 2.1. (Ref. 21) It holds that

The ﬁrst and second terms of the right-hand side of eq.(6) is called the bias and variance of f0 , respectively. In
this paper, we adopt the projection learning criterion. Let A∗ , R(A∗ ), and PR(A∗) be the adjoint operator of A, the
range of A∗ , and the orthogonal projection operator onto R(A∗ ), respectively. Then, projection learning is deﬁned
as follows:
Definition 2.2. (Projection learning)(Ref. 22–25) An operator X is called the projection learning operator if X
minimizes the functional
JP [X] = En Xn2
under the constraint
XA = PR(A∗) .

∗

(7)

For any fixed g in a Hilbert space H1 and any fixed f in a Hilbert space H2 , the Neumann-Schatten product (f ⊗ g) is an
operator from H1 to H2 , which is defined by using any h ∈ H1 as (see Ref. 20)
(f ⊗ g)h = h, gf.
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Figure 3. Proﬁle of the reproducing kernel of a trigonometric polynomial space of order 5 (x = 0).

From eqs.(4) and (3), the learning result f0 can be decomposed as
f0 = XAf + Xn.

(8)

The ﬁrst and second terms of the right-hand side of eq.(8) are called the signal and noise components of f0 , respectively. Substituting eqs.(8) and (7) into eq.(6), we have
JG = PR(A∗) f − f2 + En Xn2 .

(9)

Hence, the projection learning criterion decreases the bias of f0 to a certain level and minimizes the variance of
f0 . Let us denote the projection learning operator by A(P ) , which comes from the notation of generalized inverse
operators (see Ref. 26) since the role of learning operators is similar to the role of generalized inverse operators.
Then, the following proposition holds.
Proposition 2.3. If the noise covariance matrix is σ 2 I with σ 2 > 0, then the projection learning operator A(P ) is
expressed as
A(P ) = A† ,
(10)
where A† denotes the Moore-Penrose generalized inverse† of A.
Let us consider learning in the following function space.
Definition 2.4. (Trigonometric polynomial space) A Hilbert space H is called a trigonometric polynomial space of
order N if H is spanned by
N
{exp(inx)}n=−N
which are defined on [−π, π] and the inner product in H is defined as
 π
1
f, g =
f(x)g(x)dx.
2π −π
In a trigonometric polynomial space of order N , the reproducing kernel is expressed as
⎧

x − x
(2N + 1)(x − x )
⎨
sin
if x = x ,
sin

2
2
K(x, x ) =
⎩
2N + 1
if x = x .

(11)

The proﬁle of eq.(11) is illustrated in Fig. 3.
†
An operator X is called the Moore-Penrose generalized inverse of an operator A if X satisfies the following four conditions
(see Ref. 27).
AXA = A, XAX = X, (AX)∗ = AX, and (XA)∗ = XA.

The Moore-Penrose generalized inverse is unique and denoted as A† .

3. PSEUDO ORTHOGONAL BASES
In this section, we describe the concept of POBs and show its fundamental properties. Let M be an integer larger
than or equal to the dimension of a ﬁnite dimensional Hilbert space H.
Definition 3.1. (Ref. 3,4) A set {φm }M
m=1 of elements in H is called a POB if any f in H is expressed as
f=

M


f, φm φm .

m=1

If M is equal to the dimension of H, a POB is reduced to an orthonormal basis (ONB) in H. The following
proposition shows the characteristics of POBs.
Proposition 3.2. (Ref. 3,4) Let f and g be any elements in H. Then, the following conditions are mutually
equivalent.
1. A set {φm }M
m=1 is a POB in H.
2. f2 =

M


|f, φm |2 .

m=1

3. f, g =

M


f, φm g, φm .

m=1

The condition 2 implies that a POB is equivalent to a tight frame with frame bound 1. When M is equal to the
dimension of H, the conditions 2 and 3 are reduced to Parseval’s equalities.

Let H  be an M -dimensional Hilbert space and {ϕm }M
m=1 be an arbitrary ONB in H . Let U be an operator
deﬁned as
M



U=
ϕm ⊗ φm .
(12)
m=1

Then, the following proposition holds.
Proposition 3.3. (Ref. 3,4) Let f and g be any elements in H. Then, the following conditions are mutually
equivalent.
1. A set {φm }M
m=1 is a POB in H.
2. U ∗ U = I, where I is the identity operator.
3. U f = f.
4. U f, U g = f, g.
The condition 3 means that the operator U is an isometry ‡. From this property, we have the following construction
method of POBs.
Proposition 3.4. (Ref. 3,4) Let U be an arbitrary isometry from H to H  and {ϕm }M
m=1 be an arbitrary ONB in
H  . If we put
φm = U ∗ ϕm
for 1 ≤ m ≤ M , then {φm }M
m=1 becomes a POB in H. All POBs can be constructed by changing U with a fixed ONB
M
{ϕm }M
or
by
changing
{ϕ
m }m=1 with a fixed U .
m=1
M
If {φm }M
m=1 is a POB and all norms φm  agree with each other, then {φm }m=1 is called a pseudo orthonormal
basis (PONB). Since the concept of PONBs is essential in the following sections, we shall show some properties of
PONBs. To begin with, we give a construction method of PONBs.
‡

An operator U is called an isometry if U f  = f  for all f in H.

Theorem 3.5.
the dimension of H be µ and M = kµ where k is an arbitrary integer. Then, {φm }M
m=1 becomes
√ Let M
a PONB if { kφm }m=1 consists of k sets of ONBs in H.
Proofs of all theorems and lemmas are given in Appendix A. The following theorem gives another construction
method of PONBs for a trigonometric polynomial space of order N .
Theorem 3.6. Let c be an arbitrary constant such that −π ≤ c ≤ −π +

and let xm be

2π
(m − 1)
M

(13)

1
φm = √ K(x, xm)
M

(14)

xm = c +
for 1 ≤ m ≤ M . If we put

2π
M

for 1 ≤ m ≤ M where K(·, ·) is defined by eq.(11), then {φm }M
m=1 becomes a PONB in a trigonometric polynomial
space of order N .
Finally, we show an important characteristic of PONBs.
µ
Theorem 3.7. Let {φm }M
m=1 be elements in µ-dimensional Hilbert space H such that φm  =
M for all m and
2
{φm }M
m=1 spans H. Let n be an M -dimensional zero-mean random vector subject to the covariance matrix σ I with
σ 2 > 0. Then, the variance of U † n
En U † n2
(15)

is minimized if and only if {φm }M
m=1 forms a PONB in H, where En denotes the ensemble average over n. In this
case, the minimum value is σ 2 µ.
By making use of the above theorems, we discuss the problem of active learning in the following sections.

4. ACTIVE LEARNING IN TRIGONOMETRIC POLYNOMIAL SPACE
The problem of active learning is to ﬁnd a set {xm }M
m=1 of sample points which provides the optimal generalization
capability. In this section, we give the optimal solution to the active learning problem in the trigonometric polynomial
space.
From eq.(9), the bias of a learning result f0 becomes zero for all f in H if and only if N (A) = {0}, where N (·)
stands for the null space of an operator. For this reason, we consider the case that a set {xm }M
m=1 of sample points
satisﬁes N (A) = {0}. When the noise covariance matrix is σ 2 I with σ 2 > 0, it follows from eq.(10) that eq.(9) is
reduced to
JG = En A† n2 ,
(16)
which is equivalent to the noise variance in H. Consequently, the problem of active learning becomes a problem of
ﬁnding a set {xm }M
m=1 of sample points which minimizes eq.(16) under the constraint of N (A) = {0}. Then, we have
the following theorem.
Theorem 4.1. Assume that the noise covariance matrix is σ 2 I with σ 2 > 0. JG is minimized under the constraint
of N (A) = {0} if and only if { √1M ψm }M
m=1 forms a PONB in H. In this case, the minimum value of JG is
2
σ (2N + 1)/M .
Theorem 4.1 states that a PONB gives the optimal generalization capability. Now we give an interpretation
of Theorem 4.1 by utilizing useful properties of POBs. As shown in the beginning of this section, minimizing the
generalization error JG deﬁned by eq.(5) is equivalent to minimizing the noise variance in H. Hence, we shall
investigate the mechanism of noise suppression by A(P ) .
When { √1M ψm }M
m=1 forms a POB in H,
This implies

√1 A
M

becomes an isometry because of Proposition 3.3 with U =

Af =
for all f in H. Then, the following lemma holds.

√
M f

√1 A.
M

CM

H
√
(× M )

n2
y
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Figure 4. Mechanism of noise suppression by Theorem 4.1: The sample value vector y is decomposed as y =
(P )
Af + n1 + n2 . If { √1M ψm }M
Af = f, A(P ) n1  = √1M n1 , and A(P ) n2 = 0.
m=1 forms a POB in H, then A
Lemma 4.2. When { √1M ψm }M
m=1 forms a PONB in H, it holds that
A(P ) Au =
A(P ) v

Equation (18) implies that

√

u for all u ∈ H,
√1 v for v ∈ R(A),
M
0
for v ∈ R(A)⊥ .

=

(17)
(18)

MA(P ) becomes a partial isometry §. Let us decompose the noise n as
n = n1 + n2 ,

where n1 ∈ R(A) and n2 ∈ R(A)⊥ . Then, the sample value vector y is rewritten as
y = Af + n1 + n2 .
From eq.(17), it holds that

A(P ) Af = f,

which implies that the signal component Af is transformed into the original function f by A(P ) . For the noise
component, it follows from eq.(18) that A(P ) suppresses the magnitude of noise in R(A) by √1M and completely
removes the noise n2 in R(A)⊥ . The above analysis is summarized in Fig. 4.
In Theorem 4.1, we have given a necessary and suﬃcient condition to minimize JG . Now we give two examples
of sample points which satisfy the condition in Theorem 4.1.
Theorem 4.3. Let M ≥ 2N + 1 and c be an arbitrary constant such that −π ≤ c ≤ −π +
as eq.(13), then { √1M ψm }M
m=1 forms a PONB in H.

2π
M.

If we put {xm }M
m=1

Theorem 4.4. Let M = k(2N + 1) where k is a positive integer and c be an arbitrary constant such that −π ≤ c ≤
−π + 2N2π+1 . If we put {xm }M
m=1 as
xm = c +



2πp
: p = m − 1 mod (2N + 1) ,
2N + 1

then { √1M ψm }M
m=1 forms a PONB in H.
§

An operator A is called a partial isometry if it holds that
Af  =

f 
0

if f ∈ N (A)⊥ ,
if f ∈ N (A).

(19)
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Figure 5. Learning results in a trigonometric polynomial model of order 3 with noise covariance matrix I. The
number of training examples is 21. The solid line denotes the target function f and the dashed line does the learning
result. ◦ indicates a training example. The generalization error JG is measured by eq.(5).

Theorem 4.3 is clear from Theorem 3.6. Hence, we omit its proof. Theorem 4.3 means that M sample points are
ﬁxed to 2π/M intervals in the domain [−π, π] and sample values are gathered once at each point. In contrast, the
sampling method shown in Theorem 4.4 means that (2N + 1) sample points are ﬁxed to 2π/(2N + 1) intervals in
the domain and sampling is performed k times at each point.

5. SIMULATIONS
In this section, we demonstrate the eﬀectiveness of the proposed active learning method through computer simulations. Let us consider the following two sampling schemes.
(A) Optimal sampling: Training examples are gathered following Theorem 4.4.
(B) Passive learning: Training examples are given unilaterally.
Let a target function f be
√
√
√
√
√
1
f(x) = 2 2 sin x + 2 2 cos x + √ sin 2x + 2 cos 2x − 2 2 sin 3x + 2 2 cos 3x,
2
and H be a trigonometric polynomial space of order 3. Let the number M of training examples be 21 and the noise
covariance matrix be I. Figure 5 shows the learning results where the solid line denotes the target function f and
the dashed line does the learning result. ◦ indicates a training example. Figure 5 (a) displays the learning result of
the scheme (A) with k = 3. The generalization error JG measured by eq.(5) is 0.333. In contrast, Fig. 5 (b) shows
the learning result of the scheme (B). The generalization error JG is 1.202. This result shows that the scheme (A)
gives a 72.3 percent reduction in generalization error compared with the scheme (B). Therefore, we can conﬁrm that
the proposed method is considerably eﬀective in acquiring better generalization capability.
Figure 6 shows the relation between the number of training examples and the generalization error. This simulation
is also performed under the condition that the order N of trigonometric polynomial is 3 and the noise covariance
matrix is I. The horizontal and vertical axes display the number of training examples and the generalization error
JG measured by eq.(5), respectively. The solid line shows the scheme (A). The dashed line denotes the average of
100 trials of the scheme (B). This graph illustrates that the generalization error tends to decrease in both sampling
schemes when the number of training examples increases. In all numbers of training examples, the scheme (A) gives
better generalization capability than the scheme (B). Although the scheme (B) also provides good generalization
capability with a large number of training examples, the diﬀerence between two sampling schemes is remarkable
when it comes to a small number of training examples. Hence, our active learning method is shown to be eﬀective
especially when the number of training examples is small.
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Figure 6. The relation between the number of training examples and the generalization error: The order N of
trigonometric polynomial is 3 and the noise variance σ 2 is 1. The horizontal and vertical axes display the number of
training examples and the generalization error JG measured by eq.(5), respectively. The solid line shows the scheme
(A), optimal sampling. The dashed line denotes the average of 100 trials of the scheme (B), passive learning.

6. CONCLUSION
This paper showed that pseudo orthogonal bases play an essential role when we work on active learning in neural
networks. Our solution to active learning gives the optimal generalization capability. By utilizing useful properties
of pseudo orthogonal bases, we clariﬁed the mechanism of achieving the optimal generalization.
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APPENDIX A. PROOFS
A.1. Theorem 3.5
Let T be an operator deﬁned as
T = U ∗U =

M



φm ⊗ φm .

(20)

m=1

For an ONB {ϕj }µj=1 in H, it holds that

µ

j=1

ϕj ⊗ ϕj = I.

√
Hence, if { kφm }M
m=1 consists of k sets of ONBs, it follows from eq.(20) that
T =

M
√
1  √
kφm ⊗ kφm = I,
k m=1

M
which implies
that {φm }M
m=1 forms a POB in H because of Proposition 3.3. In this case, {φm }m=1 is a PONB in H
√
M
since { kφm }m=1 consists of k sets of ONBs.

A.2. Theorem 3.6
Let f be an element in H denoted as
f(x) =

N


cn exp(inx),

(21)

n=−N

where cn is a complex number. It follows from eqs.(14), (1), (2), (21), and (13) that
M


M
M
M
1 
1 
1 
|f, φm | =
|f, ψm |2 =
|f(xm )|2 =
M m=1
M m=1
M m=1
m=1
2

=

N
1 
M

N


n=−N n =−N

N


2

cn exp(inxm )

n=−N





M
2π
2πm
cn cn exp i(n − n )(c −
exp i(n − n )
)
.
M
M
m=1

(22)

For any integer n and n , it holds that
M






2πm
exp i(n − n )
M
m=1


M
0

=

if n = n ,
if n =
 n .

Hence, eq.(22) yields
M

m=1

which implies that

{φm }M
m=1

N


|f, φm |2 =

|cn |2 = f2 ,

n=−N

is a POB because of Proposition 3.2. It follows from eqs.(14), (1), (2), and (11) that

φm 2 =

1
1
1
2N + 1
ψm , ψm  =
ψm (xm ) =
K(xm , xm) =
M
M
M
M

(23)

for 1 ≤ m ≤ M . Hence, {φm }M
m=1 is a PONB in a trigonometric polynomial space of order N .

A.3. Theorem 3.7
From eq.(20), eq.(15) is reduced to

 
En U † n2 = σ 2 tr T † ,

(24)

¶
where tr (·) denotes the trace of an operator. Since {φm }M
m=1 spans H and T is positive semi-definite , T has µ
µ
positive eigenvalues {λk }k=1 considering the geometric multiplicity. Then, it holds that
µ


tr (T ) =

k=1
µ


 
tr T † =

k=1

λk ,

(25)

1
.
λk

(26)

It is well-known that the arithmetic and harmonic means have the following relation.
µ
µ
k=1 λk
≥ µ
1 ,
µ
k=1 λk

(27)

where equality holds if and only if all λk agree with each other. From eqs.(24)–(27), we have
En U † n2 ≥

σ 2 µ2
.
tr (T )

(28)

Since it holds from eq.(20) that
tr (T ) =

M


φm 2 = µ,

m=1

eq.(28) yields

En U † n2 ≥ σ 2 µ,

(29)

where equality holds if and only if λk = 1 for all k. From eq.(20), this condition is equivalent to
T = U ∗ U = I,
which implies that {φm }M
m=1 forms a POB in H because of Proposition 3.3. Since φm  =
is a PONB.

¶

An operator T is said to be positive semi-definite if T f, f  ≥ 0 for any f .

µ
M

for all m, {φm }M
m=1

A.4. Theorem 4.1
Let an M -dimensional Hilbert space H  be CM . For 1 ≤ m ≤ M , if we put
ϕm

=

φm

=

em ,
1
√ ψm ,
M

(30)

then U deﬁned by eq.(12) becomes
1
U = √ A.
M
Hence, eq.(16) yields
JG = En A† n2 =

1
En U † n2 .
M

If we put µ = 2N + 1, then it follows from eq.(23) that
φm 2 =

µ
M

for 1 ≤ m ≤ M . Consequently, Theorem 4.1 is clear from Theorem 3.7.

A.5. Lemma 4.2
It follows from eq.(10) and N (A) = {0} that for all u in H,
A(P ) Au = A† Au = PR(A∗) u = u,
which implies eq.(17). Since

√1 A
M

is an isometry, it holds that
1
 √ Au = u.
M

(31)

If we put
v = Au,
then it follows from eqs.(17) and (31) that
1
1
A(P ) v = A(P ) Au = u =  √ Au = √ v,
M
M
which implies the upper half of eq.(18). The bottom half is clear from eq.(10).

A.6. Theorem 4.4
If we determine {xm }M
m=1 as eq.(19) and put φm as eq.(30) for 1 ≤ m ≤ M , then it follows from eqs.(2), (1), and
(11) that
√
√
 kφp+(q−1)(2N +1) , kφp +(q−1)(2N +1) 

=
=
=
=

k
ψp+(q−1)(2N +1) , ψp +(q−1)(2N +1) 
M
k
ψp+(q−1)(2N +1) (xp +(q−1)(2N +1) )
M
k
K(xp +(q−1)(2N +1) , xp+(q−1)(2N +1) )
M
δpp


for
1 and 1 ≤ q ≤ k, where δpp denotes Kronecker’s
delta. This implies that for each q = 1, 2, · · · , k,
√
√ 1 ≤ p, p ≤ 2N + 2N
+1
M
{ kφp+(q−1)(2N +1) }p=1 forms an ONB in H, and hence { kφm }m=1 consists of k sets of ONBs in H. Consequently,
Theorem 4.4 is clear from Theorem 3.5.

